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Abstract: By using quantum Teichmüller theory, we construct a one parameter family
of TQFTs on the categroid of admissible leveled shaped 3-manifolds.
1. Introduction
Topological Quantum Field Theories (TQFTs) in dimension 2 + 1 were discovered
and axiomatized by Atiyah [At], Segal [S] and Witten [W], and first constructed by
Reshetikhin and Turaev [RT1,RT2,T]. These TQFTs are constructed by combinator-
ial means from the finite dimensional representation category of the quantum group
Uq(sl(2,C)), where q is a root of unity, and are defined on a cobordism category
which is a slight extension of the 2 + 1 dimensional cobordism category, where the
three manifolds in question are framed and their two dimensional boundaries have the
so called extended structures, which include the choice of a Lagrangian subspace of
the first homology. Reshetikhin and Turaev used surgery on links and Kirby calcu-
lus to show that their TQFTs are well defined. In the particular case of 3-manifolds
given as mapping cylinders, the Witten–Reshetikhin–Turaev TQFTs produce represen-
tations of centrally extended surface mapping class groups on finite dimensional vector
spaces [T]. These TQFTs and their associated representations of centrally extended
surface mapping class groups were also constructed by purely topological means by
Blanchet, Habegger, Masbaum and Vogel in [BHMV1,BHMV2]. Witten proposed in
his seminal paper [W] that this WRT-TQFT can also be constructed by either geomet-
ric quantisation of the moduli spaces of flat SU (2)-connections or via conformal field
theory associated to affine Lie algebra associated to sl(2,C). Building on the work of
Tsuchiya, Ueno and Yamada the first name author together with Ueno showed how the
construction of [TUY] can be twisted by a fractional power of a one dimensional ghost
theory such as to yield a modular functor in [AU1,AU2]. It is shown in [AU3,AU4]
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that this geometrically constructed modular functor is isomorphic to the modular func-
tor underlying the Reshetikhin–Turaev TQFT for Uq(sl(2,C)) at q = e(2π i)/(k+2). By
the work of Laszlo [La1], we know that there is an isomorphism between the bundle
of conformal blocks constructed by Tsuchiya, Ueno and Yamada in [TUY] and the
bundle obtained from geometric quantisation of moduli spaces, which takes the TUY-
connection to the Hitchin-connection. Hence the quantisation of the moduli space of flat
SU (2)-connections is firmly tied to the WRT-TQFT and a number of applications of
this has already been established [A1,A4,A5,A6,AHa,A3,A10,A7]. Quantum Teich-
müller theory, as developed by Kashaev [K1], and Chekhov and Fock [CF], produces
unitary representations of centrally extended mappings class groups of punctured sur-
faces on infinite-dimensional Hilbert spaces. The central ingredients in this theory are,
on the one hand, Penner’s cell decomposition of decorated Teichmüller space and the
associated Ptolemy groupoid [Pen1] with its many applications summarized in [Pen2],
and on the other, Faddeev’s quantum dilogarithm [F] which finds its origins and appli-
cations in quantum integrable systems [FKV,BMS1,BMS2,Te1]. Faddeev’s quantum
dilogarithm has already been used in formal state-integral constructions of perturba-
tive invariants of three manifolds in the works [H1,H2,DGLZ,DFM,D], but without
addressing the important questions of convergence or independence of the choice of
triangulation.
In this paper, we address the question of promoting quantum Teichmüller theory
to a TQFT. The main obstacle in constructing such a TQFT comes from the fact
that the target category cannot be the category of finite dimensional vector spaces,
and one has to make an appropriate choice which guarantees that the functor is well
defined, in particular, that the relevant integrals always converge. Unfortunately or
fortunately, the obvious choice of the category of Hilbert spaces and bounded
operators is not enough in our case: we have to go to the framework of the cate-
groid of tempered distributions. The starting point is the combinatorial setting of tri-
angulated three manifolds. As our construction verifies invariance under only those
changes of triangulations which do not remove or add vertices, we are naturally led
to consideration of the cobordism category of pseudo 3-manifolds. Here pseudo just
means that we do not require that we have a manifold structure around the vertices
of the triangulation. As a consequence of the fact that distributions cannot always be
multiplied, our TQFT is well defined only on pseudo 3-manifolds with trivial sec-
ond homology group of the complement of the vertices. The reason for this is that
the condition on the wavefront sets of our distributions guaranteeing that they can be
multiplied exactly boils down to this homological condition (see the proof of The-
orem 7). In addition, an extra structure (called shape structure) on our cobordisms
is needed which is closely related to angle structures on ideal triangulations of
hyperbolic manifolds introduced by Casson, Rivin and Lackenby [C,R,L]. The pur-
pose of these are to make the needed integrals absolutely convergent when glueing
partition functions for each simplex. We say that a pseudo 3-manifold with shape
structure is admissible if it admits these kinds of angle structures and satisfies the
above mentioned condition on the second homology. Also, in analogy with the Witten–
Reshetikhin–Turaev, one more extra structure (called level) is used in order to handle
the phase ambiguity of the theory. Hence we end up with the notion of admissible
leveled shaped pseudo 3-manifolds as objects of the category, on which our TQFT is
defined.
In the rest of this introduction, we define all these structures and our TQFT in precise
terms.
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1.1. Oriented triangulated pseudo 3-manifolds. Consider the disjoint union of finitely
many copies of the standard 3-simplices in R3, each having totally ordered vertices.
Notice, that the vertex order induces orientations on edges. Identify some codimension-
1 faces of this union in pairs by vertex order preserving and orientation reversing affine
homeomorphisms called gluing homeomorphisms. The quotient space X is a specific
CW-complex with oriented edges which will be called an oriented triangulated pseudo
3-manifold. For i ∈ {0, 1, 2, 3}, we will denote by i (X) the set of i-dimensional cells
in X . For any i > j , we also denote

j
i (X) = {(a, b)| a ∈ i (X), b ∈  j (a)}
with natural projection maps
φi, j :  ji (X) → i (X), φi, j :  ji (X) →  j (X).
We also have the canonical partial boundary maps
∂i :  j (X) →  j−1(X), 0 ≤ i ≤ j,
which in the case of a j-dimensional simplex S = [v0, v1, . . . , v j ] with ordered vertices
v0, v1, . . . , v j in R3 take the form
∂i S = [v0, . . . , vi−1, vi+1, . . . , v j ], i ∈ {0, . . . , j}.
1.2. Shaped 3-manifolds. Let X be an oriented triangulated pseudo 3-manifold.
Definition 1. A Shape structure on X is an assignment to each edge of each tetrahedron
of X a positive number called the dihedral angle
αX : 13(X) → R+
so that the sum of the three angles at the edges from each vertex of each tetrahedron is
π . An oriented triangulated pseudo 3-manifold with a shape structure will be called a
shaped pseudo 3-manifold. We denote the set of shape structures on X by S(X) (Fig. 1).
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Fig. 1. Labeling of edges by dihedral angles
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It is straightforward to see that dihedral angles at opposite edges of any tetrahe-
dron are equal, so that each tetrahedron acquires three dihedral angles associated to
three pairs of opposite edges which sum up to π . The usual complex shape variable
for a tetrahedron [v0, v1, v2, v3], with dihedral angles α, β, γ associated to the edges
[v0, v1], [v0, v2], [v0, v3], is
q = sin(β)
sin(γ )
eiα.
Definition 2. To each shape structure on X, we associate a Weight function
ωX : 1(X)→R+,
which associates to each edge e of X the sum of dihedral angles around it
ωX (e) =
∑
a∈(φ3,1)−1(e)
αX (a).
An angle structure on a closed triangulated pseudo 3-manifold X , introduced by
Casson, Rivin and Lackenby [C,R,L], is a shape structure whose weight function takes
the value 2π on each edge.
Definition 3. An edge e of a shaped pseudo 3-manifold X will be called balanced if it is
internal and ωX (e) = 2π . An edge which is not balanced will be called unbalanced. A
shaped pseudo 3-manifold will be called fully balanced if all edges of X are balanced.
Thus, a shape structure is an angle structure if it is fully balanced. By definition, a
shaped pseudo 3-manifold can be fully balanced only if its boundary is empty.
1.3. The Z/3Z-action on pairs of opposite edges of tetrahedra. Let X be an oriented
triangulated pseudo 3-manifold. For each vertex of each tetrahedron of X , the orientation
induces a cyclic order on the three edges meeting at the vertex. Moreover, this cyclic
order induces a cyclic order on the set of pairs of opposite edges of the tetrahedron. We
denote by 1/p3 (X) the set of pairs of opposite edges of all tetrahedra. Set-theoretically,
it is the quotient set of 13(X) with respect to the equivalence relation generated by all
pairs of opposite edges of all tetrahedra. We denote by
p : 13(X) → 1/p3 (X)
the corresponding quotient map, and we define a skew-symmetric function
εa,b ∈ {0,±1}, εa,b = −εb,a, a, b ∈ 1/p3 (X),
with the value εa,b = 0 if the underlying tetrahedra are distinct and the value εa,b = +1
if the underlying tetrahedra coincide and the pair of opposite edges associated with b
is cyclically preceded by that of a. Notice that a shape structure on X descends to a
positive real valued function on the set 1/p3 (X).
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1.4. Leveled shaped 3-manifolds. In order for our TQFT to be well defined, we need to
extend the shape structure by a real parameter, which we will call the level. This is the
analog of framing number in the context of the Witten–Reshetikhin–Turaev TQFT.
Definition 4. A leveled shaped pseudo 3-manifold is a pair (X, X ) consisting of a
shaped pseudo 3-manifold X and a real number X ∈ R called the level. We denote by
L S(X) the set of all leveled shaped structures on X.
As will be demonstrated below, our TQFT will be well defined on a certain sub-
categroid1 of the category of leveled shaped pseudo 3-manifolds. Moreover, it will
enjoy a certain gauge-invariance we will now describe.
Definition 5. Two leveled shaped pseudo 3-manifolds (X, X ) and (Y, Y ) are called
gauge equivalent if there exist an isomorphism h : X → Y of the underlying cellular
structures and a function
g : 1(X) → R
such that
1(∂ X) ⊂ g−1(0),
αY (h(a)) = αX (a) + π
∑
b∈13(X)
εp(a),p(b)g(φ3,1(b)), ∀a ∈ 13(X),
and
Y = X +
∑
e∈1(X)
g(e)
∑
a∈(φ3,1)−1(e)
(
1
3
− α(a)
π
)
.
It is easily seen that the weights on edges are gauge invariant in the sense that
ωX = ωY ◦ h.
As we will explain in Sect. 2, this is in fact a Hamiltonian action corresponding to the
Neumann–Zagier symplectic structure and a certain moment map described below.
Definition 6. Two leveled shape structures (αX , X )and (α′X , ′X )on a pseudo 3-manifold
X are called based gauge equivalent if they are gauge equivalent in the sense of Definition
5, where the isomorphism h : X → X in question is the identity.
We observe that the (based) gauge equivalence relation on leveled shaped pseudo 3-
manifolds induces a (based) gauge equivalence relation on shaped pseudo 3-manifolds
under the map which forgets the level. Let the set of gauge equivalence classes of based
leveled shape structures on X be denoted L Sr (X) and let Sr (X) denote the set of gauge
equivalence classes of based shape structures on X .
Let us now describe the based gauge equivalence classes of (leveled) shape structures
on a pseudo 3-manifold X . In order to do this we will need the notion of generalized
shape structure.
1 See Appendix C for the definition of Categroids.
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Definition 7. A generalized shape structure on X is an assignment of a real number
to each edge of each tetrahedron, so that the sum of three numbers at the edges from
each vertex of each tetrahedron is π . Leveled generalized shaped structures as well
as their gauge equivalence are defined analogously to leveled shaped structures and
their gauge equivalence. The space of based gauge equivalence classes of generalized
shape structures will be denoted S˜r (X) and the space of based leveled generalized shape
structures is denoted L˜ Sr (X).
We observe that Sr (X) is an open convex subset of S˜r (X).
The map which assigns to a generalized shape structureαX ∈ S˜(X) the corresponding
weight function ωX : 1(X)→R is denoted
˜X : S˜(X)→R1(X).
Since this map is gauge invariant it induces a unique map
˜X,r : S˜r (X)→R1(X).
Let N0(X) be a sufficiently small tubular neighborhood of 0(X). Then ∂N0(X) is a
two dimensional surface, which is possibly disconnected and possibly with boundary, if
∂ X 	= ∅.
Theorem 1. The map
˜X,r : S˜r (X)→R1(X),
is an affine H1(∂N0(X),R)-bundle. The space S˜r (X) carries a Poisson structure whose
symplectic leaves are the fibers of ˜X,r and which is identical to the Poisson struc-
ture induced by the H1(∂N0(X),R)-bundle structure. The natural projection map from
L˜ Sr (X) to S˜r (X) is an affine R-bundle which restricts to the affine R-bundle L Sr (X)
over Sr (X).
If h : X → Y is an isomorphism of cellular structures, then we get an induced Poisson
isomorphism h∗ : S˜r (Y )→ S˜r (X) which is an affine bundle isomorphism with respect
to the induced group homomorphism
h∗ : H1(∂N0(Y ),R)→ H1(∂N0(X),R)
and which maps Sr (Y ) to Sr (X). Furthermore, h induces an isomorphism
h∗ : L˜ Sr (Y ) → L˜ Sr (X)
of affine R-bundles covering the map h∗ : S˜r (Y ) → S˜r (X) which also maps L Sr (Y ) to
L Sr (X).
This theorem will be proved in Sect. 2, where we will explain how S˜r (X) arises as a
symplectic reduction of the space of all generalized shape structures and thus carries a
Poisson structure whose symplectic leaves are the fibers of ˜X which is identical to the
Poisson structure induced by the H1(∂N0(X),R)-bundle structure.
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Fig. 2. The 3 − 2 Pachner move
1.5. The 3−2 Pachner moves. Let X be a shaped pseudo 3-manifold. Let e be a balanced
edge of X shared by exactly three distinct tetrahedra t1, t2, t3. Let S be a shaped pseudo
3-submanifold of X composed of the tetrahedra t1, t2, t3. Note that S has e as its only
internal and balanced edge. There exists another triangulation Se of the topological
space underlying S such that the triangulation of ∂S coincides with that of ∂Se, but
which consists of only two tetrahedra t4, t5. It is obtained by removing the edge e so
that 1(Se) = 1(S)\{e}. Moreover, there exists a unique shaped structure on Se which
induces the same weights as the shape structure of S. For some choices of shape variables
(αi , βi , γi ) for ti (where αi are the angles at e), the explicit map is given by
α4 = β2 + γ1 α5 = β1 + γ2
β4 = β1 + γ3 β5 = β3 + γ1
γ4 = β3 + γ2 γ5 = β2 + γ3.
(1)
We observe that the equation α1 + α2 + α3 = 2π guarantees that the sum of the angles
for t4 and t5 sums to π . Moreover it is clear from these equations that the positivity of
the angles for t1, t2, t3 guaranties that the angles for t4 and t5 are positive. Conversely we
see that it is not automatic that we can solve for (positive) angles for t1, t2, t3 given the
angles for t4 and t5. However if we have two positive solutions for the angles for t1, t2, t3
for the same t4, t5, then they are gauge equivalent and satisfy that α1 + α2 + α3 = 2π
(Fig. 2).
Definition 8. We say that a shaped pseudo 3-manifold Y is obtained from X by a shaped
3 − 2 Pachner move along e if Y is obtained from X by replacing S by Se, and we write
Y = Xe.
We observe from the above that there is a canonical map from the set of shape
structures on X to the set of shape structures on Y :
Pe : S(X)→ S(Y ).
This map naturally extends to a map from all generalized shape structures on X to the
set of generalized shape structures on Y :
P˜e : S˜(X)→ S˜(Y ).
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We get the following commutative diagram
˜X (e)
−1(2π) P˜−−−−→ S˜(Y )
⏐⏐
⏐⏐
˜X,r (e)
−1(2π) P˜r−−−−→ S˜r (Y )
⏐⏐proj ◦ QX,r
⏐⏐˜Y,r
R
1(X)−e =−−−−→ R1(Y )
Moreover,
P˜r (˜X,r (e)−1(2π) ∩ Sr (X)) ⊂ Sr (Y ).
In particular we observe that if ˜X,r (e)−1(2π) ∩ Sr (X) 	= ∅ then Sr (Y ) 	= ∅, but the
converse is not necessarily true.
Theorem 2. Suppose that a shaped pseudo 3-manifold Y is obtained from a shaped
pseudo 3-manifold X by a leveled shaped 3 − 2 Pachner move. Then the map P˜r is
a Poisson isomorphism, which is covered by an affine R-bundle isomorphism from
L˜ Sr (X)|˜X,r (e)−1(2π) to L˜ Sr (Y ).
See Sect. 2 for the proof.
We also say that a leveled shaped pseudo 3-manifold (Y, Y ) is obtained from a
leveled shaped pseudo 3-manifold (X, X ) by a leveled shaped 3 − 2 Pachner move if
there exists e ∈ 1(X) such that Y = Xe and
Y = X + 112π
∑
a∈(φ3,1)−1(e)
∑
b∈13(X)
εp(a),p(b)αX (b).
This action is defined in such a way that our level dependent invariant is unchanged
under a leveled shaped 3 − 2 Pachner move as we shall prove in Sect. 5.
Definition 9. A (leveled) shaped pseudo 3-manifold X is called a Pachner refinement
of a (leveled) shaped pseudo 3-manifold Y if there exists a finite sequence of (leveled)
shaped pseudo 3-manifolds
X = X1, X2, . . . , Xn = Y
such that for any i ∈ {1, . . . , n−1}, Xi+1 is obtained from Xi by a (leveled) shaped 3−2
Pachner move. Two (leveled) shaped pseudo 3-manifolds X and Y are called equivalent
if there exist gauge equivalent (leveled) shaped pseudo 3-manifolds X ′ and Y ′ which are
respective Pachner refinements of X and Y .
In its present formulation, our TQFT is not defined on all leveled shaped pseudo
3-manifolds. Our invariant is only guaranteed to be well defined on Sr (X), since we
need the positivity of the angles to regularise the tetrahedral quantum distributions and
only in the case where H2(X − 0(X),Z) = 0, since this will guarantee that we can
multiply the distributions for all the tetrahedra and perform the necessary push forward
of the product so as to define our invariant. We therefore need the following definition.
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Definition 10. An oriented triangulated pseudo 3-manifold is called admissible if
Sr (X) 	= ∅
and
H2(X − 0(X),Z) = 0.
The equivalence of admissible leveled shaped pseudo 3-manifolds also needs to be
such that all involved pseudo 3-manifolds are admissible, hence we introduce the stronger
notion of admissibly equivalence.
Definition 11. Two admissible (leveled) shaped pseudo 3-manifolds X and Y are called
admissibly equivalent if there exist gauge equivalence h′ : X ′ → Y ′ of (leveled) shaped
pseudo 3-manifolds X ′ and Y ′ which are respective Pachner refinements of X and Y ,
such that
1(X ′) = 1(X) ∪ DX , 1(Y ′) = 1(Y ) ∪ DY
and
h(Sr (X ′) ∩ ˜X ′,r (DX )−1(2π)) ∩ ˜Y ′,r (DY )−1(2π) 	= ∅.
We have the following immediate consequence of Theorems 1 and 2 and Defini-
tion 11.
Theorem 3. Suppose two (leveled) shaped pseudo 3-manifolds X and Y are equivalent.
Then there exist D ⊂ 1(X) and D′ ⊂ 1(Y ) and a bijection
i : 1(X) − D →1(Y ) − D′
and a Poisson isomorphism
R : ˜X,r (D)−1(2π)→ ˜Y,r (D′)−1(2π),
which is covered by an affine R-bundle isomorphism from L˜ Sr (X)|˜X,r (D)−1(2π) to
L˜ Sr (Y )|˜Y,r (D′)−1(2π) and such that we get the following commutative diagram
˜X,r (D)−1(2π)
R−−−−→ ˜Y,r (D′)−1(2π)
⏐⏐proj ◦ ˜X,r
⏐⏐proj ◦ ˜Y,r
R
1(X)−D i∗−−−−→ R1(Y )−D′ .
Moreover, if X and Y are admissible and admissibly equivalent, then the isomorphism
R takes an open non-empty convex subset U of Sr (X) ∩ ˜X,r (D)−1(2π) onto an open
convex subset U ′ of Sr (Y ) ∩ ˜Y,r (D)−1(2π).
We observe that in the notation of Definition 11
D = 1(X) ∩ h−1(DY ), D′ = 1(Y ) ∩ h(DX ).
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1.6. The categroid of admissible leveled shaped pseudo 3-manifolds. Equivalence classes
of leveled shaped pseudo 3-manifolds form morphisms of a cobordism category B,
where the objects are triangulated surfaces, and composition is gluing along the rele-
vant parts of the boundary by edge orientation preserving and face orientation reversing
CW-homeomorphisms with the obvious composition of dihedral angles and addition of
levels. Depending on the way of splitting the boundary, one and the same leveled shaped
pseudo 3-manifold can be interpreted as different morphisms in B. Nonetheless, there
is one canonical choice defined as follows.
For a tetrahedron T = [v0, v1, v2, v3] in R3 with ordered vertices v0, v1, v2, v3, we
define its sign
sign(T ) = sign(det(v1 − v0, v2 − v0, v3 − v0)),
as well as the signs of its faces
sign(∂i T ) = (−1)i sign(T ), i ∈ {0, . . . , 3}.
For a pseudo 3-manifold X , the signs of faces of the tetrahedra of X induce a sign
function on the faces of the boundary of X ,
signX : 2(∂ X) → {±1},
which permits to split the boundary of X into two components,
∂ X = ∂+ X ∪ ∂−X, 2(∂±X) = sign−1X (±1),
composed of equal number of triangles. For example, in the case of a tetrahedron T with
sign(T ) = 1, we have 2(∂+T ) = {∂0T, ∂2T }, and 2(∂−T ) = {∂1T, ∂3T } (Fig. 3).
In what follows, unless specified otherwise, (the equivalence class of) a leveled shaped
pseudo 3-manifold X will always be thought of as a B-morphism between the objects
∂−X and ∂+ X , i.e.,
X ∈ HomB(∂−X, ∂+ X).
Our TQFT is not defined on the full category B, but only on the sub-categroid of admis-
sible equivalence classes of admissible morphisms.
1
2
0
3− −
+
+
T+
1
3
0
2+
+
−
−
T−
Fig. 3. Face orientations
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Definition 12. The categroid Ba of admissible leveled shaped pseudo 3-manifolds is
the sub-categroid of the category of leveled shaped pseudo 3-manifolds whose mor-
phisms consist of admissible equivalence classes of admissible leveled shaped pseudo
3-manifolds.
Gluing in this sub-categroid is the one induced from the category B and it is only
defined for those pairs of admissible morphisms for which the glued morphism in B is
also admissible.
1.7. The TQFT functor. The main result of this paper is the construction of a one para-
meter family of TQFTs on admissible leveled shaped pseudo 3-manifolds, i.e. a family
of functor’s {F}∈R+ from the cobordism categroid Ba of admissible leveled shaped
pseudo 3-manifolds to the categroid of tempered distributions D, which we will now
describe.
Recall that the space of (complex) tempered distributions S ′(Rn) is the space of
continuous linear functionals on the (complex) Schwartz space S(Rn). By the Schwartz
presentation theorem (see e.g. Theorem V.10 p. 139 [RS1]), any tempered distribution
can be represented by a finite derivative of a continuous function with polynomial growth,
hence we may think of tempered distributions as functions defined on Rn . We will use
the notation ϕ(x) ≡ 〈x |ϕ〉 for any ϕ ∈ S ′(Rn) and x ∈ Rn . This notation should be
considered in the usual distributional sense, e.g.,
ϕ( f ) =
∫
Rn
ϕ(x) f (x)dx .
This formula further exhibits the inclusion S(Rn) ⊂ S ′(Rn).
Definition 13. The categroid D has as objects finite sets and for two finite sets n, m the
set of morphisms from n to m is
HomD(n, m) = S ′(Rnunionsqm).
Denoting by L(S(Rn),S ′(Rm)) the space of continuous linear maps from S(Rn) to
S ′(Rm), we remark that we have an isomorphism
·˜ : L(S(Rn),S ′(Rm))→S ′(Rnunionsqm) (2)
determined by the formula
ϕ( f )(g) = ϕ˜( f ⊗ g)
for all ϕ ∈ L(S(Rn),S ′(Rm)), f ∈ S(Rn), and g ∈ S(Rm). This is the content of
the Nuclear theorem, see e.g. [RS1], Theorem V.12, p. 141. The reason why we get
a categroid rather than a category comes from the fact that we cannot compose all
composable (in the usual categorical sense) morphisms, but only a subset thereof.
The partially defined composition in this categroid is defined as follows. Let n, m, l
be three finite sets and A ∈ HomD(n, m) and B ∈ HomD(m, l). According to the
tempered distribution analog of Theorem 6.1.2. in [Hor1], we have pull back maps
π∗n,m : S ′(Rnunionsqm)→S ′(Rnunionsqmunionsql) and π∗m,l : S ′(Rmunionsql)→S ′(Rnunionsqmunionsql).
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By theorem IX.45 in [RS2] (see also Appendix B), the product
π∗n,m(A)π∗m,l(B) ∈ S ′(Rnunionsqmunionsql)
is well defined provided the wave front sets of π∗n,m(A) and π∗m,l(B) satisfy the following
transversality condition
(WF(π∗n,m(A)) ⊕ WF(π∗m,l(B))) ∩ Znunionsqmunionsql = ∅ (3)
where Znunionsqmunionsql is the zero section of T ∗(Rnunionsqmunionsql). If we now further assume that π∗n,m(A)
π∗m,l(B) continuously extends to S(Rnunionsqmunionsql)m as is defined in “Appendix B”, then we
obtain a well defined element
(πn,l)∗(π∗n,m(A)π∗m,l(B)) ∈ S ′(Rnunionsql).
Definition 14. For A ∈ HomD(n, m) and B ∈ HomD(m, l) satisfying condition (3)
and such that π∗n,m(A)π∗m,l(B) continuously extends to S(Rnunionsqmunionsql)m, we define
AB = (πn,l)∗(π∗n,m(A)π∗m,l(B)) ∈ HomD(n, l).
For any A ∈ L(S(Rn),S ′(Rm)), we have unique adjoint A∗ ∈ L(S(Rm),S ′(Rn))
defined by the formula
A∗( f )(g) = f¯ (A(g¯))
for all f ∈ S(Rm) and all g ∈ S(Rn).
Definition 15. A functor F : Ba → D is said to be a ∗-functor if
F(X∗) = F(X)∗,
where X∗ is X with opposite orientation, and F(X)∗ is the dual map of F(X).
The central essential ingredient in the construction of our functor is Faddeev’s quan-
tum dilogarithm [F].
Definition 16. Faddeev’s quantum dilogarithm is a function of two complex arguments
z and b defined for | Im z |< 12 | b + b−1 | by the formula
b(z) := exp
(∫
C
e−2izw dw
4 sinh(wb) sinh(w/b)w
)
,
where the contour C runs along the real axis, deviating into the upper half plane in the
vicinity of the origin and extended by the functional equation
b(z − ib±1/2) = (1 + e2πb±1z)b(z + ib±1/2)
to a meromorphic function in z ∈ C.
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It is easily seen that b(z) depends on b only through the combination  defined by
the formula
 :=
(
b + b−1
)−2
.
We can now state our main theorem.
Theorem 4. For any  ∈ R+, there exists a unique ∗-functor F : Ba → D such that
F(A) = 2(A), ∀A ∈ ObBa, and for any admissible leveled shaped pseudo 3-
manifold (X, X ), the associated morphism in D takes the form
F(X, X ) = Z(X)eiπ
X
4 ∈ S ′
(
R
2(∂ X)
)
, (4)
where Z(X) is such that for one tetrahedron T with sign(T ) = 1, it is given by the
formula
Z(T )(x) = δ(x0 + x2 − x1)
exp
(
2π i(x3 − x2)
(
x0 +
α3
2i
√

)
+ π iϕT4
)
b
(
x3 − x2 + 1−α12i√
) (5)
where δ(t) is Dirac’s delta-function,
ϕT := α0α2 + α0 − α23 −
2 + 1
6
, αi := 1
π
αT (∂i∂0T ), i ∈ {0, 1, 2},
and
xi := x(∂i (T )), x : 2(∂T ) → R.
The main constituents of the proof of this theorem are presented in Sects. 4–10.
The key idea behind it is to use the charged tetrahedral operator Z(T ) given by for-
mula (5) and which is further discussed in Sect. 4. This operator carries all the necessary
symmetries and satisfies the pentagon relation as demonstrated in Sects. 5 and 7. The
gauge transformation properties of the partition function is established in Sect. 8. A
certain geometric constraint on the partition function is established in Sect. 9. The con-
vergence properties under gluing of tetrahedra is proved in Sect. 10. We end Sect. 10 by
summarizing the proof of Theorem 4.
Remark 1. We emphasize that for an admissible pseudo 3-manifold X , our TQFT functor
provides us with the following well defined function
F : L Sr (X)→S ′(R∂ X ).
For the case ∂ X = ∅, we have S ′(R∂ X ) = C and so, in this case, we simply get a
complex valued function on L Sr (X). In particular, the value of the functor F on any
fully balanced admissible leveled shaped 3-manifold is a complex number, which is a
topological invariant, in the sense that if two fully balanced admissible leveled shaped
3-manifold are admissibly equivalent, then F assigns the same complex number to
them.
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1.8. Invariants of knots in 3-manifolds. By considering ideal triangulations of com-
plements of hyperbolic knots in compact oriented closed 3-manifolds, we obtain knot
invariants (in the sense of Remark 1) which are direct analogues of Baseilhac–Benedetti
invariants [BB]. For such an X , our invariant is a complex valued function on the affine
R bundle L Sr (X) over Sr (X), which forms an open convex (if non-empty) subset of the
affine space S˜r (X), and which is modeled on the real cohomology of the boundary of
a tubular neighborhood of the knot. One can study these invariants also in the case of
non-hyperbolic knots whose complements admit ideal triangulations with non-negative
angle structures. In this case, one first calculates the partition function for a not fully
balanced shape structure, and then tries to take a limit to a fully balanced non-negative
shape structure; if such limit exists, then this will be the value of the invariant. However,
in the case of the unknot in 3-sphere, where the complement is a solid torus, the invariant
cannot be calculated. The reason is that if a manifold M admits an ideal triangulation
supporting a non-negative angle structure, then according to Casson and Lackenby, the
simple normal surface theory and the Gauss–Bonnet theorem for angle structures imply
that the boundary of M is incompressible in M , see [L]. Thus, M cannot be a solid torus
which has compressible boundary.2
Another possibility is to consider one-vertex Hamiltonian triangulations
(or H-triangulations) of pairs (a compact closed 3-manifold M , a knot K in M), i.e.
one vertex triangulations of M where the knot K is represented by one edge, with
degenerate shape structures, where the weight on the knot approaches zero and simulta-
neously the weights on all other edges approach the balanced value 2π (assuming that
such configurations can be approached via shape structures on a given triangulation).
This limit by itself is divergent as a simple pole (after analytic continuation to complex
angles) in the weight of the knot, but the residue at this pole is a knot invariant which
is the direct analogue of Kashaev’s invariants [K4] which are specialisations of the col-
ored Jones polynomials [MM] and which were at the origin of the hyperbolic volume
conjecture [K6]. In the next subsection, we suggest a conjectural relationship between
these two types of invariants.
1.9. Future perspectives. In this subsection we present a conjecture about our functor
F, which, among other things, provides a relation to the hyperbolic volume in the
asymptotic limit  → 0. So far, we have been able to check this conjecture for the first
two hyperbolic knots.
Conjecture 1. Let M be a closed oriented compact 3-manifold. For any hyperbolic knot
K ⊂ M, there exists a smooth function JM,K (, x) on R>0 ×R which has the following
properties.
(1) For any fully balanced shaped ideal triangulation X of the complement of K in M,
there exist a gauge invariant real linear combination of dihedral angles λ, a (gauge
non-invariant) real quadratic polynomial of dihedral angles φ such that
Z(X) = ei
φ

∫
R
JM,K (, x)e
− xλ√
 dx
(2) For any one vertex shaped H-triangulation Y of the pair (M, K ) there exists a real
quadratic polynomial of dihedral angles ϕ such that
2 We thank Feng Luo for explaining to us this point and pointing to ref. [L].
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lim
ωY →τ
b
(
π − ωY (K )
2π i
√

)
Z(Y ) = ei
ϕ

−i π12 JM,K (, 0),
where τ : 1(Y ) → R takes the value 0 on the knot K and the value 2π on all other
edges.
(3) The hyperbolic volume of the complement of K in M is recovered as the following
limit:
lim
→0
2π log |JM,K (, 0)| = − Vol(M\K ).
Remark 2. In part (3) of the conjecture, we have a negative sign in the right hand side
which differs from the usual volume conjecture [K6] so that, in this case, the invariant
exponentially decays rather than grows, the decay rate being given by the hyperbolic
volume.
Theorem 5. Conjecture 1 is true for the pairs (S3, 41) and (S3, 52) with
JS3,41(, x) = χ41(x), JS3,52(, x) = χ52(x),
where functions the χ41(x) and χ52(x) are defined in (38) and (39).
This theorem is proved in Sect. 12. We observe that these results agree with the
formulae formally derived in [H1,H2,DGLZ,DFM,D].
To conclude this introduction, let us mention that it would be interesting to under-
stand the operators constructed in this paper from the viewpoint of Toeplitz operator
constructions of [A2] in the context of the Witten–Reshetikhin–Turaev TQFT, and fur-
ther, their relation to the asymptotic expansions of these TQFT’s, see e.g. [AHi]. Besides,
Teschner’s modular functor [Te2] derived from quantum Teichmüller theory could pos-
sibly be behind another formulation of our TQFT.
2. The Symplectic Space of Generalized Shape Structures
Let X be a pseudo 3-manifold. First, we recall the Neumann–Zagier symplectic structure
ω on the affine space S˜(X) [NZ]. Each a ∈ 1/p3 (X) induces a function on S˜(X) which
we denote by αa .
Definition 17. The Neumann–Zagier symplectic structure ω is the unique symplectic
structure on S˜(X) whose induced Poisson bracket {·, ·} satisfies the equation
{αa, αb} = a,b
for all a, b ∈ 1/p3 (X).
We have the following symplectic product decomposition over tetrahedra
S˜(X) =
∏
T∈3(X)
S˜(T )
where S˜(T ) is an affine copy of R2. The standard symplectic structure on R2 induces a
symplectic structure on S˜(T ) which coincides with the Neumann–Zagier structure.
We now define an action of R1(X) on S˜(X) by the formulae in Definition 5, where
we take h to be the identity map.
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Theorem 6. The action of R1(X) on S˜(X) is symplectic and the map ˜X is a moment
map for this action.
Proof. The fact that R1(X) acts symplectically on S˜(X) follows from the fact that
R
1(X) acts by translations. Let ve ∈ Lie(R1(X)), e ∈ 1(X), be the natural basis of
Lie(R1(X)). Fixing e ∈ 1(X), the basis vector ve induces the following vector field
Xe on S˜(X)
Xe = π
∑
a∈1/p3 (X)
∑
b∈(φ3,1)−1(e)
a,b
∂
∂αa
.
By contracting this vector field with the symplectic form, one gets a one form e given
by
e = π
∑
a,c∈1/p3 (X)
∑
b∈(φ3,1)−1(e)
a,ba,cdαc.
Now, we compute the exterior derivative of ˜X (e) = ωX (e)
dωX (e) =
∑
c∈(φ3,1)−1(e)
dαc.
By computing the components of the one form e in S˜(T ), for each T ∈ 3(X), we
see that
e = −dωX (e).
unionsq
Thus, we see that
S˜r (X) = S˜(X)/R1(X)
carries a natural Poisson structure induced from the symplectic structure on S˜(X). More-
over, the moment map ˜X is invariant under the action of the group R1(X) and hence
it descends to a well defined map on S˜r (X), which we denote ˜X,r in the introduction.
By the previous theorem, the symplectic leaves of the Poisson structure on S˜r (X) are
the fibers of ˜X,r .
In [N], Neumann discusses the case of cusped manifolds in a completely combina-
torial (and non-hyperbolic) context. In particular, he shows the fact that the number of
linearly independent moment maps associated with edges is reduced by one for each
cusp.
Proof of Theorem 1. Consider any m ∈ R1(X). It is clear that ˜−1X (m) 	= ∅, so pick a
point a ∈ ˜−1X,r (m). We will now construct a map
Ha : ˜−1X,r (m)→ H1(∂N0(X),R)
as follows. For each a′ ∈ ˜−1X,r (m), we consider a − a′ which we represent by a map
from 1/p3 (X) to the reals which satisfies the condition that the sum in each tetrahedron
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vanishes. Let γ be a closed curve on ∂N0(X), which consists entirely of oriented curve
segments which are normal curves with respect to the induced triangulation on ∂N0(X).
Each oriented normal segment of γ gets assigned the corresponding value ±(a − a′),
where the sign is determined by the sign of the segment. The sign on the segment is
determined by the sign by which the oriented segment traverses the corresponding wedge
of the relevant triangle in the triangulation of ∂N0(X). We now define Ha(a′)(γ ) to be
the sum of these real numbers over all segments of γ . We observe that since both a and
a′ are contained in ˜−1X,r (m), then Ha(a′)(γ ) only depends on the homology class of γ
in H1(∂N0(X),R), hence Ha(a′) ∈ H1(∂N0(X),R) is well defined. Now, we observe
that if we change the representative a − a′ by changing the representative of either a
or a′ we do not change Ha(a′). We observe that there is a natural linear structure on
˜−1X,r (m) based at a. The map Ha is linear with respect to this linear structure. We now
consider the dual map
H∗a : H1(∂N0(X),R)→ ˜−1X,r (m)∗.
Again, if γ is a smooth curve on ∂N0(X), then H∗a (γ ) is a linear function on ˜−1X,r (m).
We claim that
{H∗a (γ1), H∗a (γ2)} = γ1 · γ2
for all pairs γ1, γ2 of closed curves on ∂N0(X). This is an easy straightforward check
by taking into account the fact that the curves γ1 and γ2 can be deformed so that each
intersection point becomes the midpoint of an edge shared by two triangles as in this
picture
From this it follows that Ha is also symplectic, and it must thus be injective. A simple
dimension count now finishes the argument. unionsq
Proof of Theorem 2. We just need to prove (in the notation of Sect. 1.5), that the natural
map from S˜(X) to S˜(Xe) induces a symplectic isomorphism between S˜r (X) and S˜r (Xe).
We do the symplectic reduction of S˜(X) in two steps, the first one being only the reduction
with respect to the extra edge e, and then the reduction with respect to all other edges.
Thus, in the first step, we consider only S˜(S) together with the natural map to S˜(Se). The
gauge transformation corresponding to edge e leaves invariant the dihedral angles on the
edges of Se, and it is a simple explicit check that the initial map descends to a symplectic
isomorphism between S˜r (S) and S˜(Se). Now, after accomplishing this identification, we
remark that the symplectic spaces S˜(X\S) × S˜r (S) and S˜(Xe) = S˜(Xe\Se) × S˜(Se)
are trivially isomorphic, and thus so are their symplectic reductions over all remaining
edges of X which are in bijection with all edges of Xe. unionsq
3. The Tetrahedral Operator of Quantum Teichmüller Theory
In this section, we recall the main ingredients of quantum Teichmüller theory, following
the approach of [K1,K2,K3]. First, we consider the usual canonical quantization of
T ∗(Rn) with the standard symplectic structure in the position representation, i.e. with
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respect to the vertical real polarization. The Hilbert space we get is of course just L2(Rn),
but it will be convenient for us to consider instead the pre-Hilbert space S(Rn) and its
dual space of tempered distributionsS ′(Rn). The position coordinates qi and momentum
coordinates pi on T ∗(Rn) upon quantization become operators qi and pi acting onS(Rn)
via the formulae
qi ( f )(t) = ti f (t) and pi ( f )(t) = 12π i
∂
∂ti
( f )(t), ∀t ∈ Rn
for all f ∈ S(Rn). It is known that these operators extend continuously to operators on
S ′(Rn), still satisfying the Heisenberg commutation relations
[pi , p j ] = [qi , q j ] = 0, [pi , q j ] = (2π i)−1δi, j . (6)
For any α ∈ R we also define the weighted Schwartz space
Sα(Rn) = eαρS(Rn),
where ρ is a smooth function defined on Rn such that ρ coincides with the function |x |
on the complement of a compact subset of Rn .
Fix now b ∈ C such that Re(b) 	= 0. By the usual spectral theorem, we can define
operators
ui = e2πbqi , vi = e2πbpi
which are contained in L(Sα(Rn),Sα−Re(b)(Rn)) for any α ∈ R. The corresponding
commutation relations between ui and v j take the form
[ui , u j ] = [vi , v j ] = 0, ui v j = ei2πb2δi, j v j ui .
Following [K1], we consider the operations for wi = (ui , vi ), i = 1, 2,
w1 · w2 := (u1u2, u1v2 + v1) (7)
w1 ∗ w2 := (v1u2(u1v2 + v1)−1, v2(u1v2 + v1)−1) (8)
Proposition 1 [K1]. Let ψ(z) be some solution of the functional equation
ψ(z + ib/2) = ψ(z − ib/2)(1 + e2πbz), z ∈ C (9)
Then, the operator
T = T12 := e2π ip1q2ψ(q1 + p2 − q2) = ψ(q1 − p1 + p2)e2π ip1q2 (10)
defines an element in L(S(R4),S(R4)), which satisfies the equations
w1 · w2T = T w1, w1 ∗ w2T = T w2 (11)
A TQFT from Quantum Teichmüller Theory 905
Proof. That T ∈ L(S(R4),S(R4)) is seen by conjugating it with the Fourier transform in
the (p1, p2) directions. Then the operator becomes multiplication by a bounded function,
which of course maps S(R4) to S(R4).
Equations (11) follow from the following system of equations,
Tq1 = (q1 + q2)T (12)
T(p1 + p2) = p2T (13)
T(p1 + q2) = (p1 + q2)T (14)
Te2πbp1 = (e2πb(q1+p2) + e2πbp1)T (15)
Under substitution of (10), the first three equations become identities while the fourth
one reduces to the functional equation (9). unionsq
One particular solution of (9) is given by Faddeev’s quantum dilogarithm [F]
ψ(z) = ¯b(z) := 1/b(z) (16)
The most important property of the operator (10) with ψ given by (16) is the pentagon
identity
T12T13T23 = T23T12 (17)
which follows from the five-term identity (50) (see Appendix A) satisfied by b(z). The
indices in (17) have the standard meaning, for example, T13 is obtained from T12 by
replacing p2 and q2 by p3 and q3 respectively, and so on. In what follows, we always
assume that the parameter b is chosen so that
 := (b + b−1)−2 ∈ R+
4. Charged Tetrahedral Operators
For any positive real a and c such that b := 12 − a − c is also positive, we define the
charged T -operators
T(a, c) = e−π ic2b(4(a−c)+1)/6e4π icb(cq2−aq1)Te−4π icb(ap2+cq2) (18)
and
T¯(a, c) = eπ ic2b(4(a−c)+1)/6e−4π icb(ap2+cq2)T¯e4π icb(cq2−aq1)
where T¯ := T−1 and
cb := i(b + b−1)/2.
These are direct analogues of the charged 6 j-symbols of [K4], see also [GKT] for a gen-
eral theory of charged 6 j-symbols. It is elementary to prove that T (a, c) : S(R2)→S(R2)
and that T¯(a, c) : S(R2)→S(R2).
Substituting (10), we obtain
T(a, c) = e2π ip1q2ψa,c(q1 − q2 + p2)
where
ψa,c(x) := ψ(x − 2cb(a + c))e−4π icba(x−cb(a+c))e−π ic2b(4(a−c)+1)/6
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We have the following formula3 for T(a, c) ∈ S ′(R4)
〈x0, x2|T(a, c)|x1, x3〉 = δ(x0 + x2 − x1)ψ˜ ′a,c(x3 − x2)e2π ix0(x3−x2)
where
ψ˜ ′a,c(x) := e−π ix
2
ψ˜a,c(x), ψ˜a,c(x) :=
∫
R
ψa,c(y)e−2π ixydy
Notice that the conditions we imposed on a and c ensure that the Fourier integral here is
absolutely convergent. The Fourier transformation formula for the Faddeev’s quantum
dilogarithm (see Appendix A) leads to the identity
ψ˜ ′a,c(x) = e−
π i
12 ψc,b(x),
recalling that b := 12 − a − c. Moreover, with respect to complex conjugation, we also
have
ψa,c(x) = e− π i6 eπ ix2ψc,a(−x) = e− π i12 ψ˜b,c(−x),
These can be combined to calculate that
ψ˜ ′a,c(x) = e
π i
12 ψc,b(x) = e− π i12 eπ ix2ψb,c(−x).
We can use this to obtain the following formula of T¯(a, c):
〈x, y|T¯(a, c)|u, v〉 = 〈u, v|T(a, c)|x, y〉
= δ(u + v − x)ψ˜ ′a,c(y − v)e−2π iu(y−v)
= δ(u + v − x)ψb,c(v − y)e− π i12 eπ i(v−y)2 e−2π iu(y−v) (19)
5. Charged Pentagon Identity
Proposition 2. The following charged pentagon equation is satisfied
T12(a4, c4) T13(a2, c2)T23(a0, c0) = eπ ic2b Pe/3T23(a1, c1)T12(a3, c3) (20)
where
Pe = 2(c0 + a2 + c4) − 12
and a0, a1, a2, a3, a4, c0, c1, c2, c3, c4 ∈ R are such that
a1 = a0 + a2, a3 = a2 + a4, c1 = c0 + a4, c3 = a0 + c4, c2 = c1 + c3. (21)
This is direct analogue of the charged pentagon identity of [K4], see also [GKT].
3 From now on, we freely switch to Dirac’s bra-ket notation which is convenient in calculations.
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Proof. We have that
T(a, c) = ν(a − c)T′(a, c)
where
ν(x) := e−π ic2b(4x+1)/6
and
T′(a, c) := ξaq1−cq2Tξap2+cq2 ,
where ξ := e−4π icb . It is straightforward to check that under conditions (21) we have
the identity
ν(a4 − c4)ν(a2 − c2)ν(a0 − c0)
ν(a1 − c1)ν(a3 − c3) = e
π ic2b Pe/3
so that Eq. (20) is equivalent to the equation
T′12(a4, c4) T′13(a2, c2)T′23(a0, c0) = T′23(a1, c1)T′12(a3, c3). (22)
For the right hand side of the latter, we have
T′23(a1, c1)T′12(a3, c3) = ξa1q2−c1q3T23ξa1p3+c1q3ξa3q1−c3q2T12ξa3p2+c3q2
= ξa3q1+a1q2−c1q3T23ξ−c3q2T12ξa3p2+c3q2+a1p3+c1q3
= ξa3q1+(a1−c3)q2−(c1+c3)q3T23T12ξa3p2+c3q2+a1p3+c1q3 (23)
where the underlined fragment is transformed by using Eq. (12). For the left hand side
of Eq. (22), by underlining the parts to be transformed either by trivial commutativity or
the Heisenberg commutation relations or else according to one of equations (12)–(14),
we have that
ξ c4q2−a4q1T′12(a4, c4) T′13(a2, c2)T′23(a0, c0)ξ−a0p3−c0q3
= T12ξa4p2+c4q2ξa2q1−c2q3T13ξa2p3+c2q3ξa0q2−c0q3T23
= ξ−c2q3T12ξa2q1T13ξa4p2+c4q2ξa2p3+c2q3ξa0q2−c0q3T23
= ξa2(q1+q2)−c2q3T12T13ξ cb(a2c2+a4c4)+a2p3ξa4(p2+q3)ξ c3(q2+q3)T23
= ξa2(q1+q2)−c2q3T12T13ξ cb(a2c2+a4c4)+a2p3ξa4(p2+q3)T23ξ c3q2
= ξa2(q1+q2)−c2q3T12T13ξ cb(a2c2+a4c4)+a2p3T23ξa4(p2+q3)ξ c3q2
= ξa2(q1+q2)−c2q3T12T13T23ξ cb(a2c2+a4c4)+a2(p2+p3)ξa4(p2+q3)ξ c3q2 . (24)
By comparing the equations (23) and (24) and using the pentagon identity (17), we
conclude that Eq. (22) is equivalent to the identity
ξ cb(a2c2+a4c4)+a2(p2+p3)ξa4(p2+q3)ξ c3q2+a0p3+c0q3 = ξa3p2+c3q2+a1p3+c1q3 ,
which, in turn, is equivalent to the quadratic scalar identity
a2c2 + a4c4 + a4(a0 − c3) = a2(a4 + c0 + c3).
The latter is verified straightforwardly by using equations (21). unionsq
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6. Fundamental Lemma
Define two complex tempered ket-distributions A ≡ |A〉, B ≡ |B〉 ∈ S ′(R2) by the
formulae
〈x, y|A〉 = δ(x + y)eiπ(x2+ 112 ), 〈x, y|B〉 = eiπ(x−y)2
We also define two bra-distributions A¯ ≡ 〈A¯|, B¯ ≡ 〈B| by the formulae
〈A¯|x, y〉 = 〈x, y|A〉, 〈B¯|x, y〉 = 〈x, y|B〉
Lemma 1 (Fundamental Lemma). The following identities4 are satisfied:
∫
R2
dsdt 〈A¯|v, s〉〈x, s|T(a, c)|u, t〉〈t, y|A〉 = 〈x, y|T¯(a, b)|u, v〉 (25)
∫
R2
dsdt 〈A¯|u, s〉〈s, x |T(a, c)|v, t〉〈t, y|B〉 = 〈x, y|T¯(b, c)|u, v〉 (26)
∫
R2
dsdt 〈B¯|u, s〉〈s, y|T(a, c)|t, v〉〈t, x |B〉 = 〈x, y|T¯(a, b)|u, v〉 (27)
where a, b, c ∈ R+ are such that a + b + c = 12 .
These identities are direct analogues of the identities (3.8)–(3.10) of [K4] in the root
of unity case, see also the fundamental lemma 6 of [GKT].
Proof. First of all, we notice that the Wave front set condition from Theorem 8 is satisfied
in these three cases, so we can multiply these distributions. Further we notice that the
products extend appropriately, so that the push forwards on the left hand sides of (25)–
(27) can be performed.
For the left hand side of Eq. (25), we have that
∫
R2
dsdt 〈A¯|v, s〉〈x, s|T(a, c)|u, t〉〈t, y|A〉 = 〈x,−v|T(a, c)|u,−y〉eiπ(y2−v2)
= δ(x − v − u)ψ˜ ′a,c(−y + v)ei2πx(−y+v)eiπ(y
2−v2)
= δ(u + v − x)ψc,b(v − y)eiπ(v−y)(2u+v−y)e− iπ12 ,
where the last expression is equal to the right hand side of Eq. (25) due to Eq. (19).
For the left hand side of Eq. (26), we have that
∫
R2
dsdt 〈A¯|u, s〉〈s, x |T(a, c)|v, t〉〈t, y|B〉
= e− iπ12 −iπu2
∫
R
dt 〈−u, x |T(a, c)|v, t〉〈t, y|B〉
= e− iπ12 −iπu2δ(−u + x − v)
∫
R
dt ψ˜ ′a,c(t − x)e−i2πu(t−x)eiπ(t−y)
2
4 We now also switch to the physicist integral notation
∫
dx f (x) and we further also use it to denote push
forward of distributions.
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= e− iπ12 −iπu2δ(u + v − x)
∫
R
dt ψ˜a,c(t)e−iπ t
2
e−i2πut eiπ(t+x−y)2
= e− iπ12 δ(u + v − x)eiπ((x−y)2−u2)
∫
R
dt ψ˜a,c(t)ei2π t (v−y)
= e− iπ12 δ(u + v − x)eiπ(x−y−u)(x−y+u)ψa,c(v − y)
= e− iπ12 δ(u + v − x)eiπ(v−y)(2u+v−y)ψa,c(v − y),
where the last expression is equal to the right hand side of (26) due to (19).
Finally, for the left hand side of Eq. (27), we have that
∫
R2
dsdt 〈B¯|u, s〉〈s, y|T(a, c)|t, v〉〈t, x |B〉
= ψ˜ ′a,c(v − y)
∫
R
ds 〈B¯|u, s〉ei2πs(v−y)〈s + y, x |B〉
= ψ˜ ′a,c(v − y)eiπ(y−x−u)(y−x+u)
∫
R
ds ei2πs(u+v−x)
= e− iπ12 ψc,b(v − y)eiπ(y−v−2u)(y−v)δ(u + v − x),
where the last expression is equal to the right hand side of (26) due to (19). unionsq
7. TQFT Rules and Symmetries of Tetrahedral Partitions Functions
We consider oriented surfaces with a restricted (oriented) cellular structure: all 2-cells
are either bigons or triangles with their natural cellular structures. For example, the unit
disk D in C has four different bigon structures with two 0-cells {e0±(∗) = ±1}, two
1-cells e1± : [0, 1] → D given by
e1+(t) = eiπ t or e1+(t) = −e−iπ t , e1−(t) = e−iπ t or e1−(t) = −eiπ t .
An inessential bigon is the one where both edges are parallel. For the unit disk the two cell
structures with {e1+(t) = eiπ t , e1−(t) = e−iπ t } and {e1+(t) = −e−iπ t , e1−(t) = −eiπ t }
are inessential. Inessential bigons can be eliminated by naturally contracting them to
a 1-cell, which in the case of the unit disk corresponds to projection to the real axis,
z → Re z.
For triangles we forbid cyclic orientation of the 1-cells. For example, the unit disk
admits eight different triangle structures with 0-cells at third roots of unity {e00(∗) =
1, e0±(∗) = e±2π i/3}, but only six of them are admissible.
We start defining our TQFT by associating the vector space C to all bigons, and
the spaces S ′(R) to all triangles. For any oriented surface , connected or not, with
boundary or without, with a fixed cellular structure where all 2-cells are either essential
bigons or admissible triangles, we associate the space S ′(R2()) where in 2() we
include only triangular cells.
Let T be a shaped tetrahedron in R3 with ordered vertices vi , enumerated by the
integers 0, 1, 2, 3. Recalling the isomorphism (2) (right below Definition 13), we define
the partition function (T ) := Z˜(T ) by the following formula
〈x |(T )〉 =
{ 〈x0, x2|T(c(v0v1), c(v0v3))|x1, x3〉 if sign(T ) = 1;
〈x1, x3|T¯(c(v0v1), c(v0v3))|x0, x2〉 if sign(T ) = −1. (28)
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where
xi = x(∂i T ), i ∈ {0, 1, 2, 3},
and
c := 1
2π
αT : 1(T ) → R+.
Since this definition is an adaptation of the one of [K4] to the infinite dimensional setting
of quantum Teichmüller theory, the map c will be called charge which is actually nothing
else but the shape structure with the dihedral angles measured by circumference of a
circle of radius 12π .
Next, we consider cones over essential bigons with induced cellular structure. Overall,
the condition of admissibility of triangular faces leaves four isotopy classes of such cones.
Let us describe them by using the cone in R3  C × R over the unit disk in C with
the apex at (0, 1) ∈ C × R. The four possible cellular structures are identified by three
0-cells {e0±(∗) = (±1, 0), e00(∗) = (0, 1)}, and four 1-cells
{e10±(t) = (±eiπ t , 0), e11±(t) = (±(1 − t), t)}
or
{e10±(t) = (∓e−iπ t , 0), e11±(t) = (±(1 − t), t)}
or
{e10±(t) = (±eiπ t , 0), e11±(t) = (±t, 1 − t)}
or else
{e10±(t) = (∓e−iπ t , 0), e11±(t) = (±t, 1 − t)}.
Let us call them cones of type A+, A−, B+, and B−, respectively. We add TQFT rules
by associating to these cones the following complex tempered distributions over R2:
〈x, y|(A±)〉 = δ(x + y)e±π i(x2+ 112 ), 〈x, y|(B±)〉 = e±π i(x−y)2
Notice that our cones are symmetric with respect to rotation by the angle π around the
vertical coordinate axis, and this symmetry corresponds to the symmetry with respect
to exchange of the arguments x and y.
Now we give a TQFT description of the tetrahedral symmetries of the tetrahedral
partition functions generated by the identities (25)–(27). Let us take a positive tetrahedron
with vertices v0, . . . , v3. The edge v0v1 is incident to two faces opposite to v2 and v3.
We can glue two cones, one of type A+ and another one of type A−, to these two faces
in the way that one of the edges of the base bigons are glued to the initial edge v0v1,
of course, by respecting all the orientations. Namely, we glue a cone of type A+ to the
face opposite to vertex v3 so that the apex of the cone is glued to vertex v2, and we glue
a cone of type A− to the face opposite to vertex v2 so that the apex of the cone is glued
to vertex v3. Finally, we can glue naturally the two bigons with each other by pushing
continuously the initial edge inside the ball and eventually closing the gap like a book.
The result of all these operations is that we obtain a negative tetrahedron, where the only
difference with respect to the initial tetrahedron is that the orientation of the initial edge
v0v1 has changed and this corresponds to changing the order of these vertices. Notice
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that as these vertices are neighbors, their exchange does not affect the orientation of all
other edges. Identity (25) corresponds exactly to these geometric operations on the level
of the tetrahedral partition functions.
Similarly, we can describe the transformations with respect to change of orientations
of the edges v1v2 and v2v3 and relate them to identities (26) and (27), respectively. Alto-
gether, these three transformations correspond to canonical generators of the permutation
group of four elements which is the complete symmetry group of a tetrahedron.
8. Gauge Transformation Properties of the Partition Function
Let S Pn be the suspension of an n-gone with its natural triangulation into n tetrahedra
having one common central interior edge e. For each tetrahedron in S Pn , let us choose
the vertex order so that the tetrahedron is positive and the common edge e connects
its last two vertices. With this choice, and enumerating the tetrahedra cyclically, the
quantum partition function of S Pn is written as follows
Z(S Pn, a, c) = Tr0(T01(a1, c1)T02(a2, c2) · · · T0n(an, cn)),
where a = (a1, . . . , an) and c = (c1, . . . , cn). The total charge Qe around the interior
edge e (the weight divided by 2π ) is given by the formula
Qe = a1 + a2 + · · · + an,
so that the gauge transformation corresponding to edge e shifts simultaneously all ci ’s
by one and the same amount:
Z(S Pn, a, c) → Z(S Pn, a, c + λ1),
where 1 = (1, . . . , 1).
Proposition 3. One has the following equality
Z(S Pn, a, c + λ1) = Z(S Pn, a, c)e2π ic2b(n−6Qe)λ/3
This easily follows from the following lemma and the cyclic property of the trace.
Lemma 2.
T(a, c + λ) = e−4π icbλp1T(a, c)e4π icbλp1e2π ic2b(1−6a)λ/3
Proof. By using formula (18), we have
e2π ic
2
b(6a−1)λ/3T(a, c + λ)
= e2π ic2b(6a−1)λ/3e−π ic2b(4(a−c−λ)+1)/6e4π icb((c+λ)q2−aq1)Te−4π icb(ap2+(c+λ)q2)
= e4π icbλq2 e−π ic2b(4(a−c)+1)/6e4π icb(cq2−aq1)Te−4π icb(ap2+cq2)e−4π icbλq2
= e4π icbλq2T(a, c)e−4π icbλq2 = e−4π icbλp1T(a, c)e4π icbλp1
unionsq
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9. Geometric Constraints on Partition Functions
9.1. Operator-vector correspondence. Let I and J be two sets and
A ∈ L
(
S(RI ),S ′(RJ )
)
.
Under isomorphism (2) (right after Definition 13), we have that
A˜qi = qi A˜, A˜pi = −pi A˜, ∀i ∈ I.
Indeed,
〈x unionsq y|A˜qi 〉 = 〈x |Aqi |y〉 = y(i)〈x |A|y〉 = y(i)〈x unionsq y|A˜〉 = 〈x unionsq y|qi A˜〉,
and
〈x unionsq y|A˜pi 〉 = 〈x |Api |y〉 = − 12π i
∂
∂y(i)
〈x |A|y〉
= − 1
2π i
∂
∂y(i)
〈x unionsq y|A˜〉 = −〈x unionsq y|pi A˜〉,
Similarly to the uncharged T -operator T, the charged T -operator T(a, c) satisfies the
identities (12)–(14), i.e.
T(a, c)q1 = (q1 + q2)T(a, c),
T(a, c)(p1 + p2) = p2T(a, c),
T(a, c)(p1 + q2) = (p1 + q2)T(a, c).
Through the above identification, the corresponding tempered distribution satisfies the
identities
(q1 + q2 − q3)|T˜(a, c)〉 = 0, (29)
(p2 + p3 + p4)|T˜(a, c)〉 = 0, (30)
(p1 + q2 + p3 − q4)|T˜(a, c)〉 = 0. (31)
9.2. An operator-valued cohomology class. Identities (29)–(31) give rise to the follow-
ing geometric properties of partition functions.
Given an oriented triangulated pseudo 3-manifold X . Let γ be an oriented normal
segment (in the sense of normal surface theory) in triangle t ∈ 2(∂ X) parallel to
oriented side ∂ j t . We associate to γ an operator γ̂ ∈ End
(S ′(R2(∂ X))) defined by the
formula
γ̂ :=
⎧
⎨
⎩
−(−1)sign(t)pt if j = 0;
qt − (−1)sign(t)pt if j = 1;
qt if j = 2.
We also define
−̂γ = −γ̂ ,
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where −γ is γ taken with opposite orientation, and
γ̂1 unionsq γ2 = γ̂1 + γ̂2.
This correspondence permits to define a unique element
θ(X) ∈ H1
(
∂ X\0(∂ X), End
(
S ′(R2(∂ X))
))
(here End (S ′(R2(∂ X))) is considered as an additive Abelian group) defined by the
formula
〈θ(X), γ 〉 =
∑
T∈2(∂ X)
γ̂ ∩ T
where γ is any oriented normal curve in ∂ X\0(∂ X) representing a class in H1
(∂ X\0(∂ X),Z).
Proposition 4. The class θ(X) is such that
[〈θ(X), γ1〉, 〈θ(X), γ2〉] = 1
π iγ1 · γ2,
where γ1 · γ2 is the algebraic intersection index of γ1 and γ2.
Proof. As in the proof of Theorem 1, we deform the curves γ1 and γ2, so that each
intersection point becomes the midpoint of an edge shared by two triangles. Then both
curves get contributions from these triangles to the commutation relation between the
associated operators, and we get the stated formula. unionsq
Now, relations (29)–(31) are interpreted and generalized as the following geometric
constraints on partition functions.
Proposition 5. Let X be a shaped 3-manifold for which the partition function Z(X) is
a well defined distribution. Let L X be the kernel of the group homomorphism
i∗ : H1 (∂ X\0(∂ X),Z) → H1(X\0(X),Z)
induced by the inclusion map
i : ∂ X\0(∂ X) ↪→ X\0(∂ X).
Then,
〈θ(X), γ 〉|Z˜(X)〉 = 0, ∀γ ∈ L X . (32)
Proof. It is a straightforward to check that the statement is true for the tetrahedral
partition functions T(a, c) and T¯(a, c). Assume that Y satisfies the statement and that
X is obtained from Y by an elementary gluing corresponding to identification of two
triangles of opposite signs t1, t2 ∈ 2(∂Y ). Denoting
V (∗) := S ′(R2(∗)),
we have a linear map
Et1,t2 : V (∂Y ) → V (∂ X)
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defined by the formula
〈x |Et1,t2 | f 〉 =
∫
R
ds 〈yx,s | f 〉
where
yx,s(t) =
{
s, if t = ti , i ∈ {1, 2};
x(t), otherwise.
With this map, we have that
|(X)〉 = Et1,t2 |(Y )〉,  := Z˜.
If γ1 and γ2 are oriented normal arcs in t1 and t2 respectively which are identified upon
gluing, then it is easily verified that
Et1,t2 γ̂1 = Et1,t2 γ̂2.
Now, let D be a normal surface in X with ∂ D ⊂ ∂ X . The pre-image of D in Y is a finite
system of normal surfaces D1, . . . , Dn , and the corresponding system of normal curves
γ := ∪ni=1∂ Di in ∂Y is such that two sets of oriented normal arcs in the triangles t1
and t2,
m⋃
j=1
γi, j = γ ∩ ti , i ∈ {1, 2},
are in bijection induced by the identification of t1 and t2 so that
Et1,t2 γ̂1, j = Et1,t2 γ̂2, j , j ∈ {1, . . . , m}.
Thus, we have the following operator identity
〈θ(X), ∂ D〉Et1,t2 =
n∑
i=1
Et1,t2〈θ(Y ), ∂ Di 〉
which permits to conclude that 〈θ(X), ∂ D〉|(X)〉 = 0 as soon as Y verifies equa-
tions (32).
To finish the proof, we remark that for any shaped 3-manifold X , there exists a finite
sequence of shaped 3-manifolds
X ′ = X0, X1, . . . , Xn = X,
where for any i ∈ {1, . . . , n}, Xi is obtained from Xi−1 by an elementary gluing. unionsq
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10. Convergence of Partition Functions
Theorem 7. For any admissible leveled shaped 3-manifold X, the partition function
Z(X) is a well defined tempered distribution. In particular, if ∂ X = ∅, then Z(X) ∈ C.
Proof. Let X be a shaped 3-manifold such that (X) is the distribution as above, which
satisfies equations (32). Let {γi }i∈I be a system of disjoint simple closed curves in ∂ X
corresponding to a linear basis of L X . We denote
ai := 〈θ(X), γi 〉, i ∈ I,
and we choose a maximal set of operators b j , j ∈ J , which are linear combinations of
Heisenberg operators pt , qt , t ∈ 2(∂ X), such that the elements of the set {ai , b j | i ∈
I, j ∈ J } are linearly independent and mutually commuting. Classically this set of
operators correspond to a new real linear polarization of the cotangent bundle to the
space R2(∂ X). Let |ξ, η〉, ξ ∈ RI , η ∈ RJ , be a normalized complete basis in V (∂ X)
where the operators ai , b j act diagonally
ai |ξ, η〉 = |ξ, η〉ξi , i ∈ I, b j |ξ, η〉 = |ξ, η〉η j , j ∈ J.
Here |ξ, η〉 should be thought of as the operator, which induces the isomorphism between
the quantization in the original position coordinates introduced in Sect. 3 and this new
real linear polarization. This operator of course induces an isomorphism of the relevant
Schwartz spaces. Let 〈ξ, η|(X)〉 denote the unique distribution which corresponds to
|(X)〉 under this isomorphism, i.e.
|(X)〉 =
∫
RIunionsqJ
dξdη|ξ, η〉〈ξ, η|(X)〉.
Equations (32) now imply that this new presentation of our partition function is of the
form
〈ξ, η|(X)〉 = ψX (η)
∏
i∈I
δ(ξi ), (33)
where ψX ∈ S ′(RJ ). When X is a disjoint union of finitely many shaped tetrahedra, the
function ψX is smooth and exponentially decaying at infinity. Let a shaped 3-manifold
Y be obtained from X by gluing along a set of triangles in ∂ X , where X is such that its
partition function is a distribution of the form (33), and the function ψX is smooth and
exponentially decaying at infinity. Let now GY be the distribution which implements
the gluing on the boundary of X to get Y from X in the quantization with respect to the
new polarization, i.e., it is the conjugate under |ξ, η〉 of the original gluing distribution.
Then the partition function of Y is given by
|(Y )〉 =
∫
RIunionsqJ
dξdη GY |ξ, η〉〈ξ, η|(X)〉. (34)
The only case when the integrand, i.e. the product of these two distributions, is ill
defined, is if their Wave front sets violate the condition of Theorem 8. Using the fact
that GY is the distribution which implements the gluing, and the linearity of the change
of polarizations, we see that this is the case if and only if the tempered distribution GY
has the form
GY |ξ, η〉 = |χ(ξ, η)〉δ
(
∑
i∈I
niξi
)
(35)
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where ni ∈ Z, i ∈ I and |χ(ξ, η)〉 is some other distribution which can be multiplied
with this delta-function. Let us see that in the case of admissible Y such a form of GY
is impossible. Indeed, Eq. (35) means that
∑
i∈I
ni GY ai = 0.
Thinking of GY as a partition function of a shaped 3-manifold M , we conclude that the
homology class of
∑
i∈I niγi is trivial in H1(M\0(M),Z), i.e there exists a 2-chain
C in M such that
∂C =
∑
i∈I
niγi .
On the other hand, as γi = ∂ Di in X , we come to the conclusion that
C −
∑
i∈I
ni Di
is a nontrivial 2-cycle in Y\0(Y ) coming to contradiction with admissibility of Y .
Thus, in the case when H2(Y\0(M),Z) = 0, the integrand in (34) is a well defined
tempered distribution. Furthermore, due to the decay properties of ψX , this integrand
has also the necessary extension properties to be pushed forward by Proposition 7 to
a tempered distribution. The partition function of Y is thus a well defined tempered
distribution. unionsq
10.1. Proof of Theorem 4. We define the value of the functor on leveled shaped tetrahedra
by formulae (4) and (5), or equivalently by (28). The value of F on any admissible
leveled shaped triangulated pseudo 3-manifold (X, X ) is calculated by composing the
morphisms associated with constituent tetrahedra. Theorem 7 implies that the result
of composition is well defined, while the symmetry properties given by Fundamental
Lemma 1 and explained in Sect. 7 ensure that the obtained morphism is independent
of the choice of vertex ordering of tetrahedra. Furthermore, Propositions 3 and 2 imply
that the morphism is gauge invariant and does not change under Pachner refinements, in
other words, F(X, X ) depends on only the equivalence class of (X, X ). Finally, F
obviously respects the composition, because a composed morphism eventually again is
reduced to composition of its constituent tetrahedra.
11. Examples of Calculation
In the following examples we encode an oriented triangulated pseudo 3-manifold X into
a diagram where a tetrahedron T is represented by an element
where the vertical segments, ordered from left to right, correspond to the faces ∂0T, ∂1T,
∂2T, ∂3T respectively. When we glue tetrahedron along faces, we illustrate this by joining
the corresponding vertical segments.
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11.1. The complement of the trefoil knot. Let X be represented by the diagram
(36)
Thus, choosing an appropriate orientation, it consists of two positive tetrahedra T1 and
T2 with four identifications
∂i T1  ∂3−i T2, i ∈ {0, 1, 2, 3},
so that ∂ X = ∅. Hence, combinatorially, we have 0(X) = {∗}, 1(X) = {e0, e1},
2(X) = { f0, f1, f2, f3}, and 3(X) = {T1, T2} with the boundary maps
fi = ∂i T1 = ∂3−i T2, i ∈ {0, 1, 2, 3},
∂i f j =
{
e0, if i = 1 and j ∈ {1, 2};
e1, otherwise,
∂i e j = ∗, i, j ∈ {0, 1}.
The topological space X\{∗} is homeomorphic to the complement of the trefoil knot.
The set 13(X) consists of the elements (Ti , e j,k) for i ∈ {1, 2} and 0 ≤ j < k ≤ 3. We
fix a shape structure
αX : 13(X) → R>0
by the formulae
αX (Ti , e0,1) = 2πai , αX (Ti , e0,2) = 2πbi , αX (Ti , e0,3) = 2πci , i ∈ {1, 2},
where ai + bi + ci = 12 . The weight function
ωX : 1(X) → R>0
takes the values
ωX (e0) = 2π(c1 + c2) =: 2πw, ωX (e1) = 2π(2 − c1 − c2) = 2π(2 − w).
As the trefoil knot is not hyperbolic, the completely balanced casew = 1 is not accessible
directly, but it can be approached arbitrarily closely in the limit
ci → 1/2, ai → 0, i ∈ {1, 2}.
Denoting
νx,y := ei4πc2bx(x+y)ν(x − y), ν(x) := e−iπc2b(4x+1)/6,
we calculate the partition function
Z(X) =
∫
R4
dx0dx1dx2dx3 〈x0, x2|T(a1, c1)|x1, x3〉〈x3, x1|T(a2, c2)|x2, x0〉
= e−iπ/6
∫
R4
dx0dx1dx2dx3 δ(x0 + x2 − x1)δ(x3 + x1 − x2)
×ψc1,b1(x3 − x2)ψc2,b2(x0 − x1)ei2π(x0(x3−x2)+x3(x0−x1)
= e−iπ/6
∫
R2
dxdy ψc1,b1(x)ψc2,b2(x + y)e−i2πy
2
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= e−iπ/6νc1,b1νc2,b2
∫
R2
dxdy
e−i4πcb(xw+yc2)−i2πy2
b(x + 2cba1 − cb)b(x + y + 2cba2 − cb)
= e−iπ/6νc1,b1νc2,b2
∫
R2
dxdy
e−i4πcb((x−2cba1)w+yc2)−i2πy2
b(x − cb)b(x + y + 2cb(a2 − a1) − cb)
= ei8πc2bwa1−iπ/6νc1,b1νc2,b2
×
∫
R
dy e−i4πcb yc2−i2πy22(−∞,−∞; y + 2cb(a2 − a1); cb(1 − 2w))
In the fully balanced limit w → 1, the last integrand can be calculated explicitly by the
integral analogue of Saalschütz summation formula
2(−∞,−∞; d;−cb) = ζ 3o eiπd(2cb−d),
so that we obtain
lim
w→1 Z(X) = e
−iπ/6ν21/2,0ζ 3o
∫
R
dye−i3πy2 = e
−iπ/6
√
3
.
It is interesting to note that the result is independent of the quantization parameter .
11.2. One vertex H-triangulation of (S3, 31). Let X be represented by the diagram
where the trefoil knot is represented by the edge connecting the minimal and the maximal
vertices of the tetrahedron. Choosing an orientation, it consists of one positive tetrahedron
T with two identifications
∂i T  ∂3−i T, i ∈ {0, 1},
so that ∂ X = ∅, and as a topological space, X is homeomorphic to 3-sphere. Combinato-
rially, we have 0(X) = {∗}, 1(X) = {e0, e1}, 2(X) = { f0, f1}, and 3(X) = {T }
with the boundary maps
fi = ∂i T = ∂3−i T, i ∈ {0, 1},
∂i f j =
{
e0, if i = j = 1;
e1, otherwise,
∂i e j = ∗, i, j ∈ {0, 1}.
The set 13(X) consists of elements (T, e j,k) for 0 ≤ j < k ≤ 3. We fix a shape structure
αX : 13(X) → R>0
by the formulae
αX (T, e0,1) = 2πa, αX (T, e0,2) = 2πb, αX (T, e0,3) = 2πc,
where a + b + c = 12 . The weight function
ωX : 1(X) → R>0
A TQFT from Quantum Teichmüller Theory 919
takes the values
ωX (e0) = 2πc, ωX (e1) = 2π(1 − c).
Geometrically, the most interesting case corresponds to balanced edge e1 with c = 0,
since e0 is knotted as the trefoil knot. However, this point is not directly accessible but
it can be approached arbitrarily closely. We calculate the partition function
Z(X) =
∫
R2
dx0dx1 〈x0, x1|T(a, c)|x1, x0〉
= e− iπ12
∫
R2
dx0dx1 δ(x0)ψc,b(x0 − x1)ei2πx0(x0−x1)
= e− iπ12
∫
R
dx ψc,b(x) = e− iπ6 ψb,a(0) = e
− iπ6 νb,a
b(2cbc − cb) .
Note, that the point c = 0 is a simple pole. The renormalized partition function
Z˜(X) := lim
c→0 b(2cbc − cb) Z(X) = νb,ae
− iπ6 = 1
ν(b)
e−
iπ
6
is considered as a non-compact analogue of the quantum dilogarithmic invariant of [K4].
11.3. One tetrahedron with one face identification. Let X consists of one tetrahedron
with one face identification
It has the only interior edge given by the edge connecting the maximal and the next to
maximal vertices of the tetrahedron. This partition function can be used as the canonical
part of a one vertex H-triangulation for a pair (M, K ) consisting a 3-manifold M and a
knot K in M , the only interior edge representing the knot.
Choosing the positive orientation, the corresponding operator is calculated as follows:
〈x | Z(X)|y〉 =
∫
dz 〈z, x |T(a, c)|z, y〉 = δ(x)ψ˜ ′a,c(y − x)
∫
R
dz ei2π z(y−x)
= δ(x)δ(y)ψ˜ ′a,c(0) = δ(x)δ(y)
e−iπ/12νc,b
b(2cba − cb) .
Here, the weight of the interior edge is 2πa.
11.4. The complement of the figure-eight knot. Let X be represented by the diagram
(37)
Again, choosing an orientation, it consists of one positive tetrahedron T+ and one negative
tetrahedron T− with four identifications
∂2i+ j T+  ∂2−2i+ j T−, i, j ∈ {0, 1},
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so that ∂ X = ∅. Combinatorially, we have 0(X) = {∗}, 1(X) = {e0, e1}, 2(X) =
{ f0, f1, f2, f3}, and 3(X) = {T+, T−} with the boundary maps
f2i+ j = ∂2i+ j T+ = ∂2−2i+ j T−, i, j ∈ {0, 1},
∂i f j =
{
e0, if j − i ∈ {0, 1};
e1, otherwise,
∂i e j = ∗, i, j ∈ {0, 1}.
The topological space X\{∗} is homeomorphic to the complement of the figure-eight
knot. The set 13(X) consists of elements (T±, e j,k) for 0 ≤ j < k ≤ 3. We fix a shape
structure
αX : 13(X) → R>0
by the formulae
αX (T±, e0,1) = 2πa±, αX (T±, e0,2) = 2πb±, αX (T±, e0,3) = 2πc±,
where a± + b± + c± = 12 . The weight function
ωX : 1(X) → R>0
takes the values
ωX (e0) = 2π(2a+ + c+ + 2b− + c−) =: 2πw, ωX (e1) = 2π(2 − w).
As the figure-eight knot is hyperbolic, the completely balanced case w = 1 is accessible
directly, the complete hyperbolic structure corresponding to the symmetric point
a± = b± = c± = 16 .
We calculate the partition function
Z(X) =
∫
R4
dx0dx1dx2dx3 〈x0, x2|T(a+, c+)|x1, x3〉〈x2, x0|T(a−, c−)|x3, x1〉
=
∫
R4
dx0dx1dx2dx3 δ(x0 + x2 − x1)δ(x2 + x0 − x3)
×ψc+,b+(x3 − x2)ψc−,b−(x1 − x0)ei2π(x0(x3−x2)−x2(x1−x0))
=
∫
R2
dxdy ψc+,b+(x)ψc−,b−(y)ei2π(x
2−y2) = ϕc+,b+ϕc−,b− ,
where
ϕc,b :=
∫
R
dz ψc,b(z)ei2π z
2 = μc,bϕ(2b + c),
μc,b := νc,bei8πc2bb(b+c),
ϕ(x) :=
∫
R−id
dz
ei2π z
2+i4πcbzx
b(z)
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where d ∈ R is chosen so that the integral converges absolutely. The condition w = 1
corresponds to fully balanced case which implies that
λ := 2b+ + c+ = 2b− + c−
so that in this case the partition function takes the form
μc−,b−
μc+,b+
Z(X) = |ϕ(λ)|2 =
∫
R+i0
dx χ41(x, λ),
where
χ41(x, λ) := χ41(x)ei4πcbxλ, χ41(x) :=
∫
R−i0
dy
b(x − y)
b(y)
ei2πx(2y−x). (38)
We observe that the expression 12πbχ41(− uπb , 12 ) is equal the formally derived expression(4.2) in [H2], which corresponds to the formally derived (4.45) in [DGLZ], (2.21) in
[DFM] and (6.77) in [D].
It would be interesting to tie these computations up with the refined asymptotics
given in Theorem 1 of [AHa].
11.5. One-vertex H-triangulation of (S3, 41). Let X be given by the diagram
where the figure-eight knot is represented by the edge of the central tetrahedron connect-
ing the maximal and the next to maximal vertices. Choosing positive central tetrahedron,
the left tetrahedron will be positive and the right one negative. For technical reasons, we
impose the following condition on the shape structure: 2b+ + c+ = 2b− + c− =: λ, and
consider the following function
fX (x) :=
∫
R3
dydudv 〈y, u|T(a+, c+)|x, v〉〈u, y|T(a−, c−)|v, x〉
=
∫
R3
dydudv δ(y + u − x)δ(u + y − v)ψ˜ ′a+,c+(v − u)ψ˜ ′a−,c−(x − y)
× ei2π(y(v−u)−u(x−y))
=
∫
R
dy ψ˜ ′a+,c+(y)ψ˜ ′a−,c−(x − y)ei2π(y
2−(x−y)2)
= νc+,b+
νc−,b−
∫
R
dy
b(x − y − 2cba− + cb)
b(y + 2cba+ − cb) e
i2πx(2y−x)−i4πcb(yc++(x−y)c−)
= νc+,b+
νc−,b−
ei2πc
2
b(c
2−−c2+)χ41(x + cb(c− − c+), λ),
where the function χ41(x, λ) is defined in (38). The partition function has the form
Z(X) = fX (0) e
−iπ/12νc0,b0
b(2cba0 − cb) ,
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where the weight on the knot is 2πa0. In the limit when a0 → 0 the conditions a+ = a−,
b+ = b− imply that all edges except for the knot become balanced, and the renormalized
partition function takes the form
Z˜(X) := lim
a0→0
b(2cba0 − cb) Z(X) = e
−iπ/12
ν(c0)
χ41(0).
11.6. The complement of the knot 52. Let X be represented by the diagram
We denote T1, T2, T3 the left, right, and top tetrahedra respectively. We choose the
orientation so that all tetrahedra are positive. We impose the conditions that all edges
are balanced which correspond to two equations
2a3 = a1 + c2, b3 = c1 + b2.
Let us denote
ψa,c(x, y) := ψ˜ ′a,c(y)ei2πxy .
The partition function has the form
Z(X) =
∫
R
dx fX (x),
where
fX (x) :=
∫
R5
dydzdudvdw 〈z, w|T(a1, c1)|u, x〉〈x, v|T(a2, c2)|y, w〉
×〈y, u|T(a3, c3)|v, z〉
=
∫
R5
dydzdudvdw δ(z + w − u)δ(x + v − y)δ(y + u − v)ψa1,c1(z, x − w)
×ψa2,c2(x, w − v)ψa3,c3(y, z − u)
=
∫
R2
dydz ψa1,c1(z, z + 2x)ψa2,c2(x,−y − z)ψa3,c3(y, x + z)
=
∫
R2
dydz ψa1,c1(z − x, z + x)ψa2,c2(x, x − y − z)ψa3,c3(y, z)
=
∫
R2
dydz ψa1,c1(z − x, z + x)ψa2,c2(x, y)ψa3,c3(x − y − z, z)
= e−iπ/4
∫
R2
dydz ψc1,b1(z + x)ψc2,b2(y)ψc3,b3(z)ei2π(x−y)(z−x))
= e−iπ/4
∫
R
dz ψc1,b1(z + x)ψ˜c2,b2(z − x)ψc3,b3(z)ei2π(z−x)x
= e−iπ/3
∫
R
dz ψc1,b1(z + x)ψb2,a2(z − x)ψc3,b3(z)eiπ(z−x)(z+x)
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= e−iπ/3ν′c1,b1ν′b2,a2ν′c3,b3
∫
R−i0
×dz e
iπ(z−x ′+cb(1−2c2))(z+x ′+cb(1−2a1))−i4πcb(c1(z+x ′)+b2(z−x ′)+c3z)
b(z + x ′)b(z − x ′)b(z)
= ν′c1,b1ν′b2,a2ν′c3,b3 eiπc
2
b(1−2a1)(1−2c2)χ52(x ′, a1 − c1 + b2 − a3)
where
x ′ := x + 2cb(a1 − a3),
χ52(x, λ) := χ52(x)ei4πcbxλ, χ52(x) := e−iπ/3
∫
R−i0
dz
eiπ(z−x)(z+x)
b(z+x)b(z−x)b(z) .
(39)
We observe that the expression eiπ
c2b
3 12πbχ52(− uπb , 12 ) is equal the formally derived
expression (4.10)5 in [H2]. This is the same evaluation as for 41 except for a level change
of 13 , which is consistent since there is no discussion of this projective factor tied to the
level in [H2].
11.7. One-vertex H-triangulation of (S3, 52). Let X be represented by the diagram
We denote T0, T1, T2, T3 the central, left, right, and top tetrahedra respectively. If we
choose the orientation so that the central tetrahedron T0 is negative then all other tetra-
hedra are positive. The edge representing the knot 52 connects the last two edges of T0,
so that the weight on the knot is given by 2πa0. In the limit a0 → 0, all edges, except
for the knot, become balanced under the conditions
a1 = c2 = a3, b3 = c1 + b2,
and the renormalized partition function takes the form
Z˜(X) := lim
a0→0
b(2cba0 − cb) Z(X) = e
iπ/4
ν(c0)
χ52(0).
12. Proof of Theorem 5
In the case of the pairs (S3, 41) and (S3, 52), the first two parts of Conjecture 1 directly
follow from the results of calculations in Sect. 11, so that in order to complete the proof
of Theorem 5, we only need to prove part (3) of Conjecture 1.
For n > 1 and  > 0, consider the following function
gn() = 1
2π
√

∫
R−i0
fn(, z)dz, fn(, z) := b
(
z
2π
√

)−n
e
iz2
4π .
5 We observe that there is a print mistake in Hikami’s formula (4.10), namely the last factor 1/γ (−y −
2u − iπ − iγ ) should read 1/γ (−y − iπ − iγ ).
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From formulae (38) and (39) it follows that
χ41(0) = g2(), χ52(0) = g3().
Thus, we need to calculate the asymptotic behavior of gn() at small  and then to take
the particular cases with n = 2 and n = 3.
We denote
hn(, z) := ∂ log fn(, z)
∂z
Let Sn, be the set of solutions of the equation hn(, z) = 0, and let zn, ∈ Sn, be such
that | fn(, zn,)| = min | fn(, Sn,)|. We define a set
Cn, := {z ∈ C | arg fn(, z) = arg fn(, zn,), | fn(, z)| ≤ | fn(, zn,)|}
which is smooth one-dimensional contour which does not contain any other elements of
Sn,.
Lemma 3. For sufficiently small , there exists an orientation on Cn, such that one has
the equality
2π
√
gn() =
∫
Cn,
fn(, z)dz,
and there exist a point zn in a strip around the real axis and a smooth contour Cn passing
through zn such that zn = lim→0 zn, and Cn = lim→0 Cn,.
Proof. By using the asymptotic formula (67), and the relation  = (b+b−1)−2, we have
b
(
x
2π
√

)
= e 12π i Li2(−ex )g(x) (1 +O()) ,
where
g(x) := (1 + ex) ix2π e iπ Li2(−ex ).
Here, the Euler dilogarithm Li2(−ez) is extended analytically to the entire complex
plane cut along two half lines Re z = 0, | Im z| > π , so that the following identity is
satisfied:
Li2(−ez) + Li2(−e−z) = −12 z
2 − π
2
6
.
These formulae imply the following asymptotic formula for the integrand
fn(, z) = e vn (z)2π i g(z)−n (1 +O()) (40)
where
vn(z) := −n Li2(−ez) − 12 z
2.
Taking the logarithm of Eq. (40), we obtain
log fn(, z) = 12π i (vn(z) +O()),
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and, differentiating the latter with respect to z,
hn(, z) = 12π i (v
′
n(z) +O()),
where
v′n(z) :=
∂vn(z)
∂z
= n log(1 + ez) − z. (41)
Thus, for sufficiently small , the set Sn, approaches the finite set Sn of solutions of
the equation v′n(z) = 0 which is entirely contained in a strip around the real axis. In
particular, there exists zn ∈ Sn such that
lim
→0
zn, = zn .
From the definition of zn,, it is clear that zn is characterized by the property that it
minimizes the imaginary part of vn(z) on the set Sn :
Im vn(zn) = min Im vn(Sn).
Also, by observing that
arg fn(, z) = Im log fn(, z) = 12π (− Re vn(z) +O())
we conclude that the contour Cn,, when  → 0, approaches the set
Cn := {z ∈ C | Re vn(z) = Re vn(zn), Im vn(z) ≤ Im vn(zn)}.
It is a smooth contour which approaches the asymptote Re z +Im z = 0 for Re z → +∞,
and the asymptote Re z − Im z = 0 for Re z → −∞ with the behavior for the imaginary
part of vn(z):
lim
z∈Cn ,Re z→±∞
Im vn(z) = −∞
The contour Cn is schematically presented in this picture
Re z
Im z
Im z = −Re z Im z = Re z
iπ
−iπ
Orienting Cn from left to right, it is clear that for sufficiently small  we have the
equalities
2π
√
gn() =
∫
Cn
fn(, z)dz =
∫
Cn,
fn(, z)dz
unionsq
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Now, as by construction Cn contains the only critical point of vn(z) at z = zn , the
steepest descent method gives the following asymptotic formula
gn() = e vn (zn )2π i g(zn)
−n
√
iv′′n (zn)
(1 +O()) ,
in particular,
lim
→0
2π log |gn()| = Im vn(zn)
Finally, we have the following two particular cases:
Im v2(z2) = − Vol(S3\41), Im v3(z3) = − Vol(S3\52).
which exactly correspond to part (3) of Conjecture 1.
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13. Appendix A: Faddeev’s Quantum Dilogarithm
Faddeev’s quantum dilogarithm b(z) is defined by the integral
b(z) ≡ exp
(∫ i0+∞
i0−∞
e−i2zw dw
4 sinh(wb) sinh(w/b)w
)
(42)
in the strip | Im z| < | Im cb|, where
cb ≡ i(b + b−1)/2
Define also
ζinv ≡ eiπ(1+2c2b)/6 = eiπc2bζ 2o , ζo ≡ eiπ(1−4c
2
b)/12 (43)
When Im b2 > 0, the integral can be calculated explicitly
b(z) = (e2π(z+cb)b; q2)∞/(e2π(z−cb)b−1; q¯2)∞ (44)
where
q ≡ eiπb2 , q¯ ≡ e−iπb−2
Using symmetry properties
b(z) = −b(z) = 1/b(z)
we choose
Re b > 0, Im b ≥ 0
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b(z) can be continued analytically in variable z to the entire complex plane as a
meromorphic function with essential singularity at infinity and with the following char-
acteristic properties
zeros and poles:
(b(z))
±1 = 0 ⇔ z = ∓(cb + mib + nib−1), m, n ∈ Z≥0 (45)
behavior at infinity: depending on the direction along which the limit is taken
b(z)
∣∣∣∣|z|→∞
≈
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
1 | arg z| > π2 + arg b
ζ−1inveiπ z
2 | arg z| < π2 − arg b
(q¯2;q¯2)∞
(ib−1z;−b−2) | arg z − π2 | < arg b
(ibz;b2)
(q2;q2)∞ | arg z +
π
2 | < arg b
(46)
where
(z; τ) ≡
∑
n∈Z
eiπτn
2+i2π zn, Im τ > 0
inversion relation:
b(z)b(−z) = ζ−1inveiπ z
2 (47)
functional equations:
b(z − ib±1/2) = (1 + e2πb±1z)b(z + ib±1/2) (48)
unitarity: when b is real or on the unit circle
(1 − |b|) Im b = 0 ⇒ b(z) = 1/b(z¯) (49)
quantum pentagon identity:
b(p)b(q) = b(q)b(p + q)b(p) (50)
where selfadjoint operators p and q in L2(R) satisfy the commutation relation (6).
13.1. Integral analog of 1ψ1-summation formula of Ramanujan. Following [FKV], con-
sider the following Fourier integral
(u, v, w) ≡
∫
R
b(x + u)
b(x + v)
e2π iwx dx (51)
where
Im(v + cb) > 0, Im(−u + cb) > 0, Im(v − u) < Im w < 0 (52)
Conditions (52) can be relaxed by deforming the integration contour in the complex plane
of the variable x , keeping asymptotic directions within the sectors ±(| arg x | − π/2) >
arg b. Enlarged in this way the domain of the variables u, v, w has the form
| arg(iz)| < π − arg b, z ∈ {w, v − u − w, u − v − 2cb} (53)
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Considering b(z) as a non-compact analog the function (x; q)∞, definition (51) can
be interpreted as an integral analog of 1ψ1-summation formula of Ramanujan.
By the method of residues, (51) can be calculated explicitly
(u, v, w) = ζo b(u − v − cb)b(w + cb)
b(u − v + w − cb) e
−2π iw(v+cb) (54)
= ζ−1o
b(v − u − w + cb)
b(v − u + cb)b(−w − cb)e
−2π iw(u−cb) (55)
where the two expressions in the right hand side are related by the inversion relation (47).
13.2. Fourier transformation formulae. Special cases of (u, v, w) lead to the follow-
ing Fourier transformation formulae for Faddeev’s quantum dilogarithm
φ+(w) ≡
∫
R
b(x)e
2π iwx dx = (0, v, w)|v→−∞
= ζ−1o e2π iwcb/b(−w − cb) = ζoe−iπw
2
b(w + cb) (56)
and
φ−(w) ≡
∫
R
(b(x))
−1e2π iwx dx = (u, 0, w)|u→−∞
= ζoe−2π iwcbb(w + cb) = ζ−1o eiπw
2
/b(−w − cb) (57)
The corresponding inverse transformations look as follows
(b(x))
±1 =
∫
R
φ±(y)e−2π ixydy (58)
where the pole y = 0 should be surrounded from below.
13.3. Other integral identities. Faddeev’s quantum dilogarithm also satisfies other analogs
of hypergeometric identities, see for example [GR]. Following [V,K5], for any n ≥ 1,
we define
n(a1, . . . , an; b1, . . . , bn−1;w) ≡
∫
R
dx ei2πx(w−cb)
n∏
j=1
b(x + a j )
b(x + b j − cb) (59)
where bn = i0,
Im(b j ) > 0, Im(cb − a j ) > 0,
n∑
j=1
Im(b j − a j − cb) < Im(w − cb) < 0
The integral analog of 1ψ1-summation formula of Ramanujan in this notation takes the
form
(u, v, w) = e−i2πw(v+cb)1(u − v − cb;w + cb), 1(a;w) = ζo b(a)b(w)
b(a + w − cb)(60)
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Equivalently, we can write
¯1(a;w) ≡
∫
R
b(x + cb − i0)
b(x + a)
e−i2πx(w+cb)dx
= ei2π(a+cb)(w+cb)1(−a;−w) = ζ−1o
b(a + w + cb)
b(a)b(w)
(61)
Using the integral 1ψ1-summation formula of Ramanujan, we can obtain the integral
analog of the transformation of Heine for 1φ2
2(a, b; c;w) = b(a)
b(c − b) 2(c − b, w; a + w; b)
Using here the evident symmetry
2(a, b; c;w) = 2(b, a; c;w)
we obtain the integral analog of Euler–Heine transformation
2(a, b; c;w)
= b(a)b(b)b(w)
b(c − b)b(c − a)b(a + b + w − c) 2(c − a, c − b; c; a + b + w − c)
(62)
Performing the Fourier transformation on w and using Eq. (60), we obtain the integral
version of Saalschütz summation formula:
3(a, b, c; d, a + b + c − d − cb;−cb) = ζ 3o eiπd(2cb−d)
× b(a)b(b)b(c)b(a − d)b(b − d)b(c − d)
b(a + b − d − cb)b(b + c − d − cb)b(c + a − d − cb) (63)
One particular case is obtained by taking the limit c → −∞:
2(a, b; d;−cb) = ζ 3o eiπd(2cb−d)
b(a)b(b)b(a − d)b(b − d)
b(a + b − d − cb) (64)
13.4. Quasi-classical limit of Faddeev’s quantum dilogarithm. We consider the asymp-
totic limit b → 0.
Proposition 6. For b → 0 and fixed x, one has the following asymptotic expansion
ln b
( x
2πb
)
=
∞∑
n=0
(
2π ib2
)2n−1 B2n(1/2)
(2n)!
∂2n Li2(−ex )
∂x2n
(65)
where B2n(1/2)—Bernoulli polynomials evaluated at 1/2.
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Proof. From one hand side, we can write formally
ln b
(
x − iπb2
2πb
)
− ln b
(
x + iπb2
2πb
)
= −2 sinh(iπb2∂/∂x) ln b
( x
2πb
)
On the other hand side,
ln(1 + ex ) = ∂
∂x
∫ x
−∞
ln(1 + ez)dz = − ∂
∂x
Li2(−ex )
Substituting these expressions into the linearized functional equation (48) with positive
exponent of b, we obtain
2π ib2 ln b
( x
2πb
)
= iπb
2∂/∂x
sinh(iπb2∂/∂x) Li2(−e
x ) (66)
Using the expansions
z
sinh(z)
=
∞∑
n=0
B2n(1/2)
(2z)2n
(2n)!
we obtain (65). unionsq
Corollary 1. For b → 0, one has
b
( x
2πb
)
= e 12π ib2 Li2(−ex )
(
1 +O(b2)
)
(67)
14. Appendix B: Tempered Distributions
Recall the definition of the Schwartz space S(Rn) and its dual space S ′(Rn) consisting
of tempered distributions.
Definition 18. We denote by S(Rn) the set of all φ ∈ C∞(Rn) such that
sup
x∈Rn
|xβ∂αφ(x)| < ∞
for all multi-indices α and β. We denote by S ′(Rn) the space of linear functionals which
are continuous with respect to the these seminorms.
We further recall that the Fourier transform takes S(Rn) to S(Rn) and dually takes
S ′(Rn) to S ′(Rn) (see e.g. [Hor1,Hor2]). According to theorem 8.2.4. in [Hor1], we
have for any projection π : Rn →Rm for m < n a well defined pull back map
π∗ : S ′(Rm)→S ′(Rn).
Let us now recall the definition of the Wave Front Set of a distribution. Let ZRn be
the zero section of T ∗(Rn).
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Definition 19. For a tempered distribution u ∈ S ′(Rn), we define its Wave Front Set to
be the following subset of the cotangent bundle of Rn
WF(u) = {(x, ξ) ∈ T ∗(Rn) − ZRn | ξ ∈ x (u)}
where
x (u) = ∩φ∈C∞x (Rn)(φu).
Here
C∞x (Rn) = {φ ∈ C∞0 (Rn)|φ(x) 	= 0}
and (v) are all η ∈ Rn − {0} having no conic neighborhood V such that
|vˆ(ξ)| ≤ CN (1 + |ξ |)−N , N ∈ Z>0, ξ ∈ V .
Lemma 4. Suppose u is a bounded density on a C∞ sub-manifold Y of Rn, then u ∈
S ′(Rn) and
WF(u) = {(x, ξ) ∈ T ∗(Rn)|x ∈ Supp u, ξ 	= 0 and ξ(Tx Y ) = 0}.
In particular if Supp u = Y , then we see that WF(u) is the co-normal bundle of Y .
Definition 20. Let u and v be tempered distributions on Rn. Then we define
WF(u) ⊕ WF(v) = {(x, ξ1 + ξ2) ∈ T ∗(Rn)|(x, ξ1) ∈ WF(u), (x, ξ2) ∈ WF(v)}.
Theorem 8. Let u and v be tempered distributions on Rn. If
WF(u) ⊕ WF(v) ∩ Zn = ∅,
then the product of u and v exists and uv ∈ S ′(Rn).
This is the content of Theorem IX.45 in [RS2].
In order to be able to push forward certain tempered distributions along a projection
map from Rn to Rm , where m < n, we need to introduce the space S ′(Rn)m .
Definition 21. We denote by S(Rn)m the set of all φ ∈ C∞(Rn) such that
sup
x∈Rn
|xβ∂α(φ)(x)| < ∞
for all multi-indices α and β such that if αi = 0 then βi = 0 for n − m < i ≤ n. We
define S ′(Rn)m to be the continuous dual of S(Rn)m with respect to these semi-norms.
We observe that if π : Rn →Rn−m is the projection onto the first n −m coordinates,
then π∗(S(Rn−m)) ⊂ S(Rn)m . This means we have a well defined push forward map
π∗ : S ′(Rn)m →S ′(Rn−m).
Proposition 7. Suppose Y is a linear subspace in Rn, u a density on Y with exponential
decay in all directions in Y . Suppose π : Rn →Rm is a projection for some m < n. Then
u ∈ S ′(Rn)m and π∗(u) is a density on π(Y ) with exponential decay in all directions of
the subspace π(Y ) ⊂ Rm.
Proof. Since the density u on Y has exponential decay in all directions in Y , it is clear
that u ∈ S ′(Rn)m , hence we can consider π∗(u) ∈ S′(Rn). We now consider
π |Y : Y →π(Y ). (68)
Since the density u on Y has exponential decay in all direction in Y , it is clear we can
integrate the density u over the fibers of (68) to obtain the density (π |Y )∗(u) on π(Y ),
which has exponential decay in all direction in π(Y ). It is clear that the density (π |Y )∗(u)
on π(Y ) represents π∗(u) ∈ S′(Rn). unionsq
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15. Appendix C: Categroids
We need a notion which is slightly more general than categories to define our TQFT
functor.
Definition 22. A Categroid C consist of a family of objects Obj(C) and for any pair of
objects A, B from Obj(C) a set MorC(A, B) such that the following holds
A: For any three objects A, B, C there is a subset K CA,B,C ⊂ MorC(A, B)×MorC(B, C),
called the composable morphisms and a composition map
◦ : K CA,B,C → MorC(A, C).
such that composition of composable morphisms is associative.
B: For any object A we have an identity morphism 1A ∈ MorC(A, A) which is com-
posable with any morphism f ∈ MorC(A, B) or g ∈ MorC(B, A) and we have the
equation
1A ◦ f = f, and g ◦ 1A = g.
We observe that Ba is a categroid with K BaA,B,C for three objects A, B, C ∈ Ba given
by
K AaA,B,C = {(X1, X2) ∈ MorBa (A, B) × MorBa (B, C)|
H2(X1 ◦ X2 − 0(X1 ◦ X2),Z) = 0},
where ◦ referes to the composition in B.
Definition 23. For the Categroid D of tempered distributions, the set of composable
morphisms for three finite sets n, m, l consists of the following subset
Kn,m,l = {(A, B) ∈ S ′(Rn∪m) × S ′(Rm∪l) |
(WF(π∗n,m(A)) ⊕ WF(π∗m,l(B))) ∩ Zn,m,l = ∅,
π∗n,m(A)π∗m,l(B) ∈ S ′(Rnunionsqmunionsql)m}.
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